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PAPERS 


EXPERIMENTAL DETERMINATION 
VIBRATION CHARACTERISTICS 
STRUCTURES 


SAMUEL LORING,? Assoc. ASCE 


method described this paper for experimentally determining vibra- 
tion characteristics observing the motion small test mass 
attached the structure linear spring. The specific motions that are 
observed are those following the release the 
test-mass from rest displaced position and 
for series closely spaced frequencies the 
test mass spring. possible arrangement Linear spring 
the test mass shown Fig. The outer 
frame which the springs are attached itself 
attached the structure the fitting provided 

atthe top. Small adjustments frequency are 
made removing various parts the segmented 
mass larger variations can attained chang- 
Since observations are restricted 
vibration amplitudes they can made visu- 
ally the wedge-shaped pointer attached 
the mass shown Fig. 

The analysis presented shows that the ratio 
the test mass weight the structural weight 

Mass 
range from about Conse- 
quently, the test mass will relatively small. For this reason and also be- 
cause the extreme simplicity the device, the method introduced should 
particularly adaptable the testing large structures. 


Attachment point 


Linear spring 


comments are invited for immediate publication; insure publication the last dis- 
cussion should submitted May 1948. 


Technical Problems, Stratford, Conn. 
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Section preliminary review the general vibration characteristics 
“vibration characteristics structures.” This essential, course, pre- 
cise measurements are made. The review also forms basis for the 
analysis the observations the test mass described Sections and 

The theory has been verified tests with instrument designed ex- 
ploit this method vibration testing. The instrument and the results ob- 
tained with are described Section Several uses this method testing 
for the determination quantities other than vibration characteristics, such 
loads columns ties, weights, and effective stiffnesses structures, are 
also suggested Section 


The letter symbols this paper are defined the text where they first 
appear and are assembled for convenience reference the Appendix. 


SPECIFICATION VIBRATION CHARACTERISTICS STRUCTURES 


The method specifying vibration characteristics structures, described 
herein, based results the general theory elastic vibrations systems 
with small damping. excellent account this general theory has been 
given Strutt, Baron Rayleigh.? 

The state distortion any system from position equilibrium 
specified the field the displacement vectors all its points. The 
general displacement field can expressed linear combination set 
fixed and completely specified displacement fields ¢;; thus: 


Since the fields have the dimension length displacement, the amplitudes 
are dimensionless scalar quantities; and they will generally functions 
time. According the general theory small vibrations there unique 
set displacement fields for each structure for which the expressions for 
the kinetic energy and potential energy take the forms: 


and 


The quantities and are dimensional constants the values which should 
chosen reduce the other quantities convenient magnitudes; the 
sions these quantities are, respectively, force length time time 
and force length (FL). The coefficients are dimensionless quantities. 
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The particular set displacement fields which result Eqs. are the 
normal coordinates the structure, which are fundamental characteristics 
vibratory systems. the sequel the normal coordinates will chosen 
the With this choice the Grangion equations motion 
any system reduce 


The quantities these equations are the generalized external forces the 
system corresponding the respective normal coordinates. The approximate 
effect small damping forces structure can represented introducing 
the restoring force leads the displacement the normal coordinate. This 
accomplished the use the complex notation and replacing the 

used justified since only small damping considered, for which less than 


about 0.10. The equations motion including the effect small damping 
are, therefore, 


Eq. shows that the motion each normal coordinate structure be- 
haves just the motion single degree freedom system; there is, there- 
fore, natural frequency and damping factor associated with each 
normal coordinate The expression for the frequency terms the 
which w,, the reference frequency, equal Although the dimen- 
sional constants and may chosen arbitrarily, their actual values have 
intrinsic effect upon these results and their introduction merely con- 
for venience. Actually the choice the value has only the effect setting 
the scale the normal coordinates ¢;, whereas the value sets the value 
the reference frequency When the values and have been chosen, 
the displacement fields the frequencies w;, and the damping factors 
associated with each the normal coordinates completely describe the vibration 
characteristics structure. For all real structures, course, there are 
infinite number normal coordinates which are ordered sequence their 
associated frequencies. practice, however, knowledge relatively few 


normal coordinates whose frequencies lie below some specified limit sufficient. 
also sufficient describe the continuous displacement fields the 
values relatively few components few key points the structure. 

will interest investigate further the property the normal co- 
ordinates acting independently single degrees freedom, particularly with 


q 
en- 
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reference displacements and applied forces specific structure 
and specific direction. Let the component the normal coordinate for 
particular point and particular direction denoted this 


notation the subscript identifies the normal coordinate; and the point and 


direction question. Following the representation Eq. the total dis- 
placement component this point and this direction has the value: 


and evidently the algebraic sum the components— 


—attributable motion each the normal coordinates. The values 
the generalized forces corresponding force component applied the 
structure along the line and are given 


Multiplication each Eqs. the corresponding value and use 
6b, and leads the following equations motion: 


which 
(8b) 


The new formula (Eq. 8a) demonstrates the fact that, far forces are 
concerned, the motion each component the total deflection behaves 
exactly like motion single degree freedom system with mass 
damping, and natural frequency The relationship between the “ef- 
mass and the normal coordinate component shown 
Eq. 

Kq. represents type equation motion that describes completely 
the manner which the response characteristics structure along par- 
ticular line action and single point are related the vibration charac- 
teristics the entire structure. This relation will form the basis the analy- 
sis presented Section 


The method proposed for measuring the vibration characteristics 
structure consists observing the character motion small test mass 
which attached point the structure linear spring. Specifically, 
the observations are made the motions this test mass following its 
release from displaced position, for series closely spaced natural fre- 
quencies the mass its spring. The analysis presented herein directed 
toward finding the relationship between these observed motions and the vibra- 
tion characteristics the structure which the test mass attached. The 
motions observed are determined analytically terms the vibration 
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characteristics the structure itself and the test mass spring system. 
General expressions are obtained for the free vibration modes the vibratory 
system formed the combination the structure and the test mass; and these 
general expressions are specialized for the appropriate initial conditions 
represent the motions observed. The required relationship between the 
observed motions and the vibration characteristics the structure itself are 
then deduced from these specialized expressions. 

The characteristics the test mass and spring are the mass itself, the 
spring stiffness, and the effective spring damping The 
the test mass defined 


and equal its natural frequency when the end the linear spring 
rigidly fixed. Since all interaction between the test mass and the structure 
takes place along single line action and single point, only the response 
characteristics this point and this direction are effective shaping the 
character motion the mass. Equations motion the type Eq. 
are convenient for appraising the required characteristics the structure. 
use these equations with— 


—the equations motion the combined structure and test mass may 
written 
and 


The quantity Eqs. represents the displacement the test mass. The 
point and direction which the subscript refers are, course, the point 
attachment the test mass spring and the direction motion the test mass. 

Following the usual method treating equations the form 11, 
expressions the known form the solution— 


—are substituted into the equations. The factor and the ampli- 
tudes and are determined from the resulting algebraic equations: 


and 
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The corresponding determinantal equation for has the form: 


2 
1+j0.—(*) —1 
The expanded form Eq. can written 
2 


Finally, the expressions for the amplitude ratios are obtained directly from 
13: 


The solutions Eq. for are substituted into Eq. obtain numerical 


values for the amplitude ratios. 

Each term the summation Eq. factor which 
very small because the test mass very small compared each the ef- 
fective masses Consequently, for given value all the terms 
the summation are very small with the possible exception single term: 


Xr 2 
Xr 2 


may determined neglecting all but one term the summation 
and solving the resulting quadratic equation: 


which the quantity equal will called the and 


equal the ratio the effective mass the structure the mode under 


and 
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consideration the test mass. This ratio assumed large quantity; 
and its reciprocal, correspondingly small quantity. 

There equation the form Eq. 18, course, representing the in- 
teraction the test mass with each structural mode; but will noted that 
the treatment the one equation its general form will reveal the complete 
nature the test mass responses. 

the solution the quadratic Eq. only the lowest power the small 
convenient introduce two additional quantities which express the relation 
the test mass vibration characteristics those the structural normal 
mode under consideration. These quantities and suitable terminology are 


follows: The “tuning index” test mass natural frequency relative the 
structural natural frequency equal 


and the “damping index” equals 


terms the tuning and damping indexes the solution the quadratic 
Eq. may written 


convenient write Eq. form which separates the real and 


imaginary parts explicitly. This may accomplished introducing quan- 


tities and given by: 


2 


and 
The quantities and are determined that 
(22) 
Accordingly, Eq. may finally written 


and 


The amplitude ratios Eq. are equal the terms the summation 
Eq. 15, and are all very small, with the possible exception the one corre- 
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sponding the term retained Eq. 18. use Eq. and 23, this 
one remaining amplitude ratio found 


The general expressions for the motions the test mass and structure can 
written the use Eqs. and 24. Only two degrees freedom are sig- 
nificant; accordingly, the general expressions for these motions will contain 
four arbitrary constants. The constants are adjusted meet the initial con- 
ditions release the test mass from rest initial displacement from 
equilibrium, which are 


When conditions defined Eqs. are applied, with and treated 
small quantities, the resulting expression for the test mass motion 


a 


Eq. 26, and the equations that follow, the symbols and have been 
introduced substitution factors simplify typography, follows: 


and 


With some rearrangement and use trigonometrical identities, Eq. for 
the test mass motions can rewritten more illuminating form. The 
assumption that small quantity retained: 


(a? 
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evident from Eq. that the test mass motion vibration fre- 
quency which has slowly varying amplitude given 


eee ee ee 


and the factor defined 


which, simplify typography, 


The amplitude the test mass vibration subsequent its release equal 
the amplitude: 


which would have mounted fixed base, multiplied the factor 
The factor function the indexes and which relate the test mass 
vibration characteristics those the structure associated with the natural 
frequency 

may observed inspection Eqs. that, when the tuning index 
assumes large values, the quantity approaches the value whereas the 
quantity approaches the valueG. Upon substitution these limiting values 


into Eq. becomes evident that the corresponding value approaches 
unity that is, 


This fact leads the conclusion that the test mass motions are unaffected 
the structure except when the tuning index small—that is, except when the 
test mass frequency tuned close natural frequency the structure. 
Subsequent analysis shows that the test mass frequency must lie within 
about structural natural frequency before the effect the factor 


becomes observable. This fact justifies the use the approximation, Eq. 18, 
separately for each structural mode. 


has been shown that, except when the test mass tuned very close 
natural frequency the structure which mounted, the structure be- 
haves substantially were mounted rigid support. The procedure 
for interpreting the indications the test mass, therefore, observe its 
characteristic motions for set closely spaced frequencies until deviation 
from its rigid support motions noted. Such deviation evidence that the 
test mass tuned close natural frequency the structure. 

The next step the recognition the condition exact tuning for which 
the structural frequency just equal the test mass frequency. This condi- 
tion exact tuning corresponds evaluating the parameters 
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tinguished, respectively, for 1.0 and These two cases will 
discussed separately. 

Case 1.0.—In this case the limiting values for and when 


are:a With these values Eq. for reduces 


test mass motion corresponding Eq. readily recognizable since the 
amplitude oscillatory and periodically becomes zero. Alternating with the 
zeros the test mass amplitudes are peaks, corresponding the peaks 
Eq. 34. Further observations test mass response this type readily 
lead determination the The ratio two successive 
peak values the factor 


(35a) 
and the time interval between successive zeros 


use these relations the parameters and can determined from ob- 
servations the test mass amplitude when tuned structural natural fre- 
quency. The effective mass and damping the structure can then de- 
termined from the relations defining and 

Case treatment this case will include the limiting case 
values Eq. for reduces 


this case the amplitude variation not oscillatory, but continuously de- 
creasing. this account has been found impracticable make observa- 
tions the shape the amplitude variation exact tuning determine the 
two parameters rand The form Eq. does show, however, that the 
amplitude the test mass decreases more rapidly exact tuning this case 
than mount. The rate decay the amplitude the test mass 
can readily measured, course, but obtain second observation with 
which determine both parameters and the approach exact tuning will 
considered. 

For 1.0 and 1.0, Eqs. for and are very closely ap- 

proximated the simplified formulas: 


The 
test 
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and 


Inspection Eq. the light these approximations shows that the first 
exponential term diminishes very much more slowly than the others, and 
that its coefficient very nearly equal unity. Accordingly, for sufficiently 
large values the expression for reduces approximately 


and the test mass amplitude from Eq. given 
which, simplify typography, 


easy measure the time interval required for the test mass amplitude 
Eq. 39, this time interval given 


The value the time interval for the same amplitude range but with the 
test mass fixed base 
e 6 


This latter time interval characteristic the test mass and can con- 
sidered known. Therefore, the ratio (which will denoted 
can readily measured for any given value for series test mass 


Eq. 43a may rearranged the following form: 


evident from the form Eq. 43a that the minimum xm, occurs 
is, occurs exact tuning. Since the minimum readily 
observable, the condition exact tuning easily recognized. for the 
condition exact tuning reduces 


| 
| 
1 
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Using Eq. 44a eliminate the quantity Eq. 


Eliminate from Eq. 44b Eq. and use the defining relation (see 
Eq. 19a); thus: 


convenient introduce the number n,, given 


which represents the number cycles the test mass motion the time in- 
terval which the minimum observed. This number readily de- 
termined from observations exact tuning. 44b may now written 


The value the structural natural frequency has been determined 
that value the test mass frequency which observed. The value 
w’, the test mass natural frequency which xm)/2 can also 
determined readily observation, and the value the quantity— 


—can computed. can now solved for the mass ratio terms 
known quantities: 


with 


and, eliminating and from Eq. 44a, 


Eqs. and express the parameters and terms quantities which are 
easily case II. 

making these observations, its value must not too large because Eq. 
only valid for sufficiently large values Errors have resulted from the use 
but the value has been found give good results. The latter 
value convenient and 
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general, the responses the type case are observed with the smaller 
values mass ratio The lower limit the mass ratio limited only 
the assumption that shall small quantity. Effectively, this lower 
limit probably 100, more less. 

Responses the type case are observed with the larger values 
mass ratio. The upper limit may estimated from Eq. 44a making the 


substitution: 
Accordingly, 


Eq. shows that the mass ratio range inversely proportional the test 
mass damping, which thus should kept low possible. very 
small, Eq. 53a may replaced 


assumed that values great 0.80 can readily observed and 
recognized, the upper limit the mass ratio according Eq. 53b becomes 


oer eee eee ee ee 


Accordingly, for structure with damping factor 0.01, mass ratios 
400,000 can measured has been verified experiment. 

may now observed that, although the development the theory 
this method vibration testing may considered somewhat involved, actual 
use the method extremely simple. only necessary make simple 
observations the test mass amplitude and apply the simple formulas 


given for the interpretation the response (Eq. 34) for case Eqs. and 


VERIFICATION THE THEORY 


instrument has been constructed check and make use the fore- 
going theory. This instrument, which the writer calls the mode 
analyzer” shown Fig. General specifications the instrument are: 


Description Value 
Frequency range, cycles per 150 3,600 


Approximate weight instrument, pounds 


This instrument capable measuring effective masses from about 
well excess 100,000 lb. Therefore, would usable for measuring 


vibration characteristics aircraft, heavy machinery, parts building 
structure. 
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Numerous tests have been conducted with this instrument—on simple 
structures with known vibration characteristics and typical complex struc- 
tures—both for the purpose checking the theory and for determining its 
general usefulness. The interpretation formulas and mass ratio range formula 
Section have been verified these tests. 


ANALYZER 


has been concluded from these tests that the instrument behaves 
accordance with the foregoing theory; and the applicability (Eqs. 34, 49, 
51, and 53c has been specifically checked. The tests have also demonstrated 
the relative ease with which vibration tests may made this method. 

The readings and their interpretation are presented herein for two examples 
selected from tests run with the These two tests were run 
test beam set especially for the tests; was possible determine approxi- 
mate vibration characteristics this beam direct observations and computa- 
tion. The precision the determinations direct observation and calcula- 
tions believed less than that obtained from the instrument readings; 
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accordingly, comparison the test results with these determinations not 
believed indicate the precision the instrument. The first example illus- 
trates the oscillatory response the test mass treated case Section 
second example illustrates the nonoscillatory resonant response case 


Example oscillatory amplitude variation the test mass was ob- 
served with the following data for the test mass: 


Natural frequency, radians per second........ 
Test mass weight, pounds.................. 0.830 


The measured data for the oscillatory variation the test mass amplitude are 
presented Table The entries Cols. and Table are self- 


TABLE VARIATION THE Mass 


(1) 

Release test mass 
First zero amplitude 
First peak amplitude.......... 
Second zero amplitude 


explanatory. Entries Col. are the amplitudes which the test mass would 
have fixed mount; the observed amplitudes divided these values are 
entered Col. and represent the function (compare Eq. 29). 

Comparison lines and Col. Table indicate value 0.214 for 
the ratio successive peak values the function According the theory 


for case this ratio identified with the expression Eq. 35a, 

successive zeros the function the difference between lines and Col. 

Table According the theory, this time interval identified 

with the quantity 12.9.. Consequently, with 0.44 and 

55. the value 102 and 10,400. The damping factor the 


structure the point which the test mass was mounted, weight units, 
(me) 10,400 0.830 8,640 The corresponding values de- 
termined direct observation and calculation were 


Natural frequency, radians per second................ 
Damping factor, 
Effective mass, pounds 


q 
Time Amplitude 
Line Event (sec) (in.) Ao 
(2) (4) (5) 
0.0 0.50 0.500 1.00 
8.7 0.00 0.430 0.00 
13.6 0.085 0.394 0.214 
21.6 0.00 0.344 0.00 
a 


Example 2.—With the test mass located very close node the test 
beam nonoscillatory resonant response was observed. For set closely 
spaced frequencies, was required 


TABLE INTERVAL, the time intervals during which the 


REQUIRED FoR THE TEST mass amplitude decreased from 
Mass DECREASE value 0.50 in. 0.05 in. 


entered the time intervals for similar 

(2) (3) decay amplitude with the test mass 

55.08 117.5 162.2 0.72 (which the ratio these two time 
55.19 106.9 161.7 0.66 

103.8 161.1 0.64 intervals) entered Col. Table 
The following values are determined 
56.07 147.4 157.3 0.94 minimum value 0.63; and 


from Table can noted that the frequencies w’, which xm)/2 
0.815 are 54.98 and 55.60 radians per sec. Accordingly, the value the 
0.31 5.0 


parameter 


2 
370,000; and Eq. gives 


0.430. Thus, from Eq. 49, 0.430 5.0 


The test mass weight was 0.830 and the indicated 


effective mass the beam 370,000 0.830 310,000 lb. The indicated 


and damping factor indicated direct observation and calculation are, 
before, radians per sec and 0.01; the effective mass for this point was calcu- 
lated about 300,000 

Because the ease testing, this method may applicable making 
measurements other than those vibration characteristics. For example, the 
natural frequency column dependent the column load, and, accord- 
ingly, column loads might measured quite easily precise measurements 
natural the same manner the tension ties, rods, and cables 
could determined frequency measurements. Since there relation 
between the mass structure and its effective mass vibration, would 
possible determine the weights structures measurement their 
effective masses. Also the over-all effective stiffness composite members 
place could deduced from frequency and effective mass measurements. 
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APPENDIX. NOTATION 


has been found necessary introduce nomenclature, this paper, 
that includes large number letter symbols. The complete definition 
each quantity appears the text where the symbol introduced. 

For additional reference the physical dimensions each quantity repre- 
sented the sumbols are given. The fundamental dimensions, force (F), 
length (L), and time (T), appear parentheses. Mass, which usually 
considered fundamental dimension, replaced force since the former 
seldom enters directly into engineering calculations, whereas the latter does 
very often. 

amplitude displacement (L) the test mass; initial amplitude 
base natural Naperian logarithms; 
dimensionless coefficient Eq. 2b; subscript denotes the mode; 
dimensionless damping index (see Eq. 19b); 
dimensionless damping factor given structure: 
damping factor mode where attention fixed; 
damping factor unspecified mode 
damping factor test mass; 
expression (see Eq. 14); 
dimensionless mode number where attention fixed; 
moment (see Eq. 8b); 
dimensionless unspecified mode number; 
moment stiffness (FL); reference stiffness; 
linear stiffness also subscript denoting point and direction 
structure: 
direction denoted 
spring stiffness the test mass spring; 
mass 
effective mass structure mode and point and 
test mass; 
minant expression (see Eq. 14); 
dimensionless substitution factor defined Eq. 27a and introduced 
simplify the typography (see also and 
point force; force component; point and direction denoted 
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generalized external force (FL); Eq. the value applied 
structure mode corresponding the respective normal co- 
ordinates 

dimensionless mass ratio; 

kinetic energy (see also V); 

time (T): 
time interval required for test mass amplitude decrease 
from its initial value 
dimensionless substitution factor defined Eq. and introduced 
simplify the typography (see also and 

potential energy (see also 

dimensionless substitution factor defined Eq. 27c and introduced 
simplify the typography (see also and 

amplitude (complex) vibration: 

amplitude the point and the direction indicated 
amplitude (complex) vibration the test mass; 
displacement the test mass from its equilibrium position; 
quantity defined Eq. and derived from observations 
test mass behavior; 
dimensionless substitution factor defined Eq. and introduced 
simplify typography (see also and 

dimensionless parameter dependent and (see Eq. 21a); 

tuning index test mass (see 19a): 

displacement vector component place and direction 
denoted (subscripts and used only connection 
with thus 

dimensionless substitution factor defined Eq. and introduced 
simplify typography (see also and 

ratio final initial test mass amplitude for measured time interval 

dimensionless factor defined Eq. 50; 

complex frequency natural vibrations test mass structure 
combination; 

normal mode vector displacement field (L): 

value for all points structure, for the normal 

time ratio defined Eq. 43a: minimum value 

dimensionless factor containing the effect the structure test mass 
vibration amplitude, defined Eq. 30; and 

natural circular frequency 

reference frequency. 
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PAPERS 


MATRIX ANALYSIS PIN-CONNECTED 
STRUCTURES 


PEI-PING CHEN,? 


Matrix methods analyzing pin-connected structures are developed 
this paper for single-joint frames, planar trusses, and space trusses. Numerical 


examples are given aid visualizing application the principles 
presented. 


INTRODUCTION 


large proportion the work structural analysis involved setting 
and solving set simultaneous linear equations. desirable, there- 
fore, write these equations simpler but more systematic way. 
general, single equation the matrix form may suffice for this purpose. 
truss analysis, this matrix equation expresses relation between the given force 
components and the unknown components the joint displacements. 


formulate this matrix equation merely straightforward process, matter 
whether the truss statically determinate not. 


set simultaneous linear, scalar equations, such 


may written matrix form for the purpose simplicity. Thus, 


comments are invited for immediate publication; insure publication the last dis- 
cussion should submitted_by May 1948. 
Brown Univ., Providence, I.; formerly, faculty member, National Central Univ., Nanking, China. 
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which [p], and [a] are the corresponding row matrices 
and square matrix Eq. [a] always nonsingular for stable pin- 
connected truss, that is, the determinant formed the coefficients, [a], does 
not vanish, Eq. may solved either expanding into Eqs. 
postmultiplying the matrix, for example, 


The iteration method? also applicable. 


FUNDAMENTAL EQUATIONS FOR 


prismatic bar considered loaded shown Fig. 1(a), the fol- 
lowing are easily obtained: 


and 


which and represent the forces and the displacements; and repre- 
sent the ends the bars; the subscripts and represent the axial and trans- 


(a) (b) 
Fia. 
verse components; and and are the modulus elasticity, the cross- 


sectional area, and the length the bar, respectively. the 
standard z-axis and y-axis, Fig. Eqs. and become: 


2 
and 


Analysis Continuous Beams,” Stanley Benscoter, Transactions, ASCE, Vol. 112, 

Matrices and Some Applications Dynamics and Differential 
Frazer, Duncan, and Collar, Cambridge Univ. Press, Cambridge, England, 1946, 132. 


fre 


(5b) 
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introducing 


(6b) 

and the two-way matrices, 

the fundamental bar equation— 


—is obtained. 
THE SINGLE-JOINT STRUCTURES 


planar, single-joint structure loaded [Paz, Pay] joint 
shown Fig. 2(a). Then, Fig. let Paw represent the 
forces acting point the bar AN. Then, Eq. 


36" 


The sum Pa, which the applied force matrix. all 
the other ends (that is, ---, these bars are hinged that the dis- 
placements, are all zero, Eqs. give: 


from which the joint displacement may found. The load distributed 
each bar may then computed means 


UL 
= 
/ 
12, 


1478 MATRIX ANALYSIS Papers 


required solve for the joint displacement the truss 
shown Fig. 2(a).4 The quantity given [0, —1,000] and 
Pound and inch units are used throughout this paper. 


From Fig. and Eq. 10a, the following values are found: 


0.02964 0.02964 


right and 0.0001813 in., the negative indicating downward displace- 
ment. Also, from Eq. 9c, Pan 154.3]; that is, 218.2- 
tension, for, seen Fig. the negatives mean that the force com- 


TRUSSES 


Fig. shown stable plane truss (either statically determinate not) 
consisting pinned joints. The forces acting the individual bars are 
found substitution Eq. be: 


there bar connecting two joints, the corre- 
sponding values and vanish. isolating joint 
easily seen that 


and that similar relations hold for Py. 


Structures,” Niles and Newell, John Wiley Sons, Inc., New York, 
Ed. 1946, Vol. II, 13. 
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and the reactions)— 


the displacement matrix— 


results in: 


scalar elements, namely: 


and 


ponents. 


truss. 


York, Y., 1942, Ed., 255. 


P = [Pa, Pp, -:: 


and the n-way symmetrical matrix for the whole truss— 


= 
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Introduction into Eq. the force matrix (including the applied forces 
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Therefore, Eq. may expanded into scalar equations, such as: 


The matrices Eqs. 14, 15, and may then expanded terms the 


Usually three more displacement components (for example, and 
Fig. are zero the hinged joint and the roller joint, and the corre- 
sponding force components are unknown reactions. 
corresponding rows and columns the matrix, may dropped out order 
modify the equations readily solvable for the unknown displacement com- 
The modified equation the form: 


All the elements the 


which also symmetrical matrix and must nonsingular for stable 


the joint displacements and bar stresses due the 


Hale Sutherland and Harry Lake Bowman, John Wiley Sons, Inc., New 
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following are obtained from Fig. inspection: 


0.36 0.48 
0.36 0.48 
Hence, 
1.64 
0.48 


1.64 


the matrix expression, (s) indicates that the matrix symmetrical. 
obvious that the hinge and roller joints Aa, 

Dropping out the corresponding elements 30,000, 
[Apz, Acz, Acy, Apz, which 


0.48 
1.36 


The roots this expression are found be: 12,300/Q 0.00492 in.; 
0.02733 in.; and Ap, 16,400/Q 0.00656 in. Likewise, from Eq. 


Space TRUSSES 


taking one more component into consideration, Eq. equally appli- 
cable space truss. Thus, 


| 
: 
5 ‘ 
- 
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and 


The remaining truss relations may expanded like manner. 

10,200] lb, and the value for every bar 10’ required find 
the joint displacements and the forces all members. 


y 


Also, from Fig. 


0.04167 
0.012 0.016 
0.016 0.02133 
0.012 0.009 


which 


0.012 0.016 


0.012 0.072 


Eq. 10b, [69,600, 279,600, in.; that is, 
0.00696 in., 0.02796 in., and 0.01728 in. Also, Eqs. 
compression; and [0, 2,400, 1,800] 3,000-lb tension. 


e 
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SUMMARY 


The principal differences between the method herein suggested and existing 
methods are follows: 


(1) the suggested method, the number equations solved simul- 
taneously the same the number unknown displacement components, 
whereas existing methods, the number equations equal the degree 
redundancy the truss plus the necessary static equations. 

(2) the first stage setting the matrix equation, computations in- 
volve only the given dimensions the members. The equation then modi- 
fied according the nature the supports. The given loads finally enter into 
the computations after the modified equation obtained, and static equations 
are not needed. Thus, mental computation largely reduced. 


conclusion, this method theoretically applicable all types pin- 
connected trusses, either statically determinate not. especially suitable 
those trusses which are highly redundant but have only few movable 
joints (see Example 1). Moreover, dealing with various loading conditions 
for given truss, 

(22) 


usually proves satisfactory. 
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PAPERS 


UNUSUAL DESIGN PROBLEMS—SECOND 
TACOMA NARROWS BRIDGE 


SYNOPSIS 


The purpose this paper outline the unusual problems that confronted 
the designing engineers and consulting board developing safe, yet eco- 
nomical, design replace the Tacoma Narrows Bridge the State 
Washington which had failed under dynamic wind forces November 1940. 
Some these are problems applicable the specific problem and re- 
sult from physical conditions the former structure they remained after 
the failure. Although many the solutions will interest engineers, 
they will not useful future bridge design unless similar failure should 
occur make them so. Other solutions should have important bearing the 
design future suspension bridges, especially those which involve long spans 
and are situated where traffic relatively light, requiring extreme economy. 
The first Tacoma bridge was such structure. The designer was limited 
relatively low estimated income from tolls and consequently extreme eco- 
nomy. spite these limitations, the first structure did meet all the re- 
quirements modern suspension bridge design practice and was amply de- 
signed withstand all possible live loads, dead loads, temperatures, and direct 
wind forces they had been applied other bridges. 

meet the economies the designer the first Tacoma Narrows 
Bridge reduced the ratio width span length far below any former value 
and adopted the principle—which had been widely advanced several promi- 
nent bridge designers—that deep stiffening trusses were unnecessary and that 
proper limiting grade change (accomplished this case flat cable 
curve) was all that was necessary. Following this design principle, shallow 


plate girder deep was substituted for the conventional and much deeper 
stiffening truss. 


comments aré invited for immediate publication; insure publication the last 
discussion should submitted May 1948. 


Cons. Engr., Washington Toll Bridge Authority, Tacoma Narrows Bridge, Tacoma, Wash. 
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SUMMARY 


The principal differences between the method herein suggested and existing 
methods are follows: 


(1) the suggested method, the number equations solved simul- 
taneously the same the number unknown displacement components, 
whereas existing methods, the number equations equal the degree 
redundancy the truss plus the necessary static equations. 

(2) the first stage setting the matrix equation, computations in- 
volve only the given dimensions the members. The equation then modi- 
fied according the nature the supports. The given loads finally enter into 
the computations after the modified equation obtained, and static equations 
are not needed. Thus, mental computation largely reduced. 


conclusion, this method theoretically applicable all types pin- 
connected trusses, either statically determinate not. especially suitable 
those trusses which are highly redundant but have only few movable 
joints (see Example 1). Moreover, dealing with various loading conditions 
for given truss, 


usually proves satisfactory. 
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UNUSUAL DESIGN PROBLEMS—SECOND 
TACOMA NARROWS BRIDGE 


The purpose this paper outline the unusual problems that confronted 
the designing engineers and consulting board developing safe, yet eco- 
nomical, design replace the first Tacoma Narrows Bridge the State 
Washington which had failed under dynamic wind forces November 1940. 
Some these are problems applicable the specific problem re- 
sult from physical conditions the former structure they remained after 
the failure. Although many the solutions will interest engineers, 


will not useful future bridge design unless similar failure should 


occur make them so. Other solutions should have important bearing the 
design future suspension bridges, especially those which involve long spans 
and are situated where traffic relatively light, requiring extreme economy. 
The first Tacoma bridge was such structure. The designer was limited 
relatively low estimated income from tolls and consequently extreme eco- 
nomy. spite these limitations, the first structure did meet all the re- 
quirements modern suspension bridge design practice and was amply de- 


withstand all possible live loads, dead loads, temperatures, and direct 


wind forces they had been applied other bridges. 

meet the economies the designer the first Tacoma Narrows 
Bridge reduced the ratio width span length far below any former value 
and adopted the principle—which had been widely advanced several promi- 
nent bridge designers—that deep stiffening trusses were unnecessary and that 
proper limiting grade change (accomplished this case flat cable 
curve) was all that was necessary. Following this design principle, shallow 


plate girder deep was substituted for the conventional and much deeper 
stiffening truss. 


comments aré invited for immediate publication; insure publication the last 
discussion should submitted May 1948. 


Cons. Engr., Washington Toll Bridge Authority, Tacoma Narrows Bridge, Tacoma, Wash. 
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The ‘completed structure, because its extreme freedom motion and 
faulty form, became ready prey aerodynamic forces (the importance 
which were not recognized that time), and failure resulted. This bridge, 
however, withstood serious oscillatory motions for period months al- 
though traffic over the bridge was 60% greater than had formerly been esti- 
mated basis financing: Thus, considerably higher cost the original 
bridge and more rigid, conventional design would have been justified. This 
experience demonstrates the importance careful traffic estimates and the 
danger extending design precedents too far order meet_limited appropri- 
ations. 


CoRRECTIVE MEASURES APPLIED THE First BRIDGE 


The first problem engage the attention engineers charge con- 
struction the first bridge was one attempting corrective measures re- 
duce the motions that they would not detrimental the structure. 
was quite evident that the first bridge, with its extreme freedom action, was 
subject dynamic forces which had not been considered the design and had 
fallen into the category machine rather than static structure. Energy 
was being fed into that structure some form pulsating force derived from 
the wind, separate and apart from the normal wind pressure forces considered 
structural design practice. The first bridge was unable dissipate this 
energy until large amplitudes had developed. Two courses corrective action 
were feasible: 


(1) increase the dissipating capacity damping the structure 
adding structural members mechanical devices; 

(2) reduce the amount energy being fed into the structure 
its form. 


corrective measure suggested the designer the first bridge came 
under classification (1). consisted diagonal cable ties connected the 
top the central cable bands the main span and the bottom the top 
flange the distributing girders points one panel distant from the center. 
The purpose these ties was eliminate the differential horizontal motion that 
occurs between the main cable and the girders under single-noded vertical 
torsional motion. prevent the horizontal motions girders from becoming 
synchronized with those the cables under single-noded vertical motion (which 
was the most harmful), hydraulic jacks were installed; but they were poorly 
designed and addition were connected the towers near the center the 
floor-level cross strut, allowing considerable side deflection. The jacks became 
ineffective soon the cylinder packing failed and free end movements, 
great in. more, occurred often when the bridge was oscillating. 

There little doubt, however, that spite the jack failure these central 
diagonal ties limited the amplitude vertical motion and prevented single- 
noded torsional motion. resisting these motions they were subject 
tinual reversal stress and finally the day failure either one the cable 
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bands slipped, the ties broke, permitting the bridge into single-noded 
torsion resulting failure. 

attempt add further resistance motion, vertical cable ties were 
installed between the girders and ground anchors points seven panels out 
from the the These ties almost entirely eliminated 
vertical motion the side spans but had only negligible effect motion 
the mainspan. Various systems diagonal ties from the tower tops various 
points the main and side spans, and from the towers roadway level 
points the cables, were considered and tested with models. Attempts 
stabilize other suspension bridges similar type, but much shorter span 
similar tie systems, had been only partly effective and model tests were not 
promising. effective such systems must set high initial tension 
which distorts the bridge from its natural dead-load position and, con- 
siderable extent, defeats the action suspension system. They are subject 
high live load and temperature stresses. consequence, they were not 
used. 

Just prior the opening the first bridge, and four months before its fail- 
ure, studies were started along the second possible course action—that is, 
reduce the amount energy being fed into the structure. This was prob- 
lem aerodynamics and the highly developed science airplane design had 
established the fact that stability depended largely the matter geometric 
shape the amount energy being fed into the structure could 
reduced materially, the existing capacity the structure decrease ampli- 
tude could increased correspondingly, and the life the structure could 
prolonged. 

was impossible make drastic alterations the general form the 
structure, course; but there were several methods which the character 
air flow could changed materially ata Several types 
streamlining, consisting curved fairing different forms attached the 
face girders and flat plates extending the girder widths, were tested 20- 
scale sectional models the University Washington Seattle. other 
model tests various arrangements and sizes holes were cut out the girder 
webs. These tests were made three-dimensional, static models high- 
speed wind tunnel using the slope the lift line criterion for stability. 
was found that this criterion indicated extreme instability the original 
bridge form for horizontal and small angles wind attack. 

Several forms streamlining, and one pattern holes cut the girder 
webs, indicated very decided improvement stability and encouraged the 
engineers such extent that material had been ordered and was planned 
proceed with the most likely and feasible scheme approximately one week before 
failure. 

These early experiences and tests have been mentioned some length 
because they did have considerable bearing the procedures that followed. 


Tue REMAINS THE First STRUCTURE 


The very complex problem removing the cables, towers, and what re- 
mained the suspended floor arose after the collapse and lasted for more than 
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year. The methods used can considered unusual, largely because con- 
ditions due World War required that all possible material, including cable 
wire, salvaged. Probably other major parallel-wire cable had ever been 
taken down under similar circumstances and difficulties. 

Actual traffic over the bridge during its brief existence had greatly exceeded 
all preliminary estimates; and this was conclusive proof that this 
location was public necessity. Thus, considerably higher cost would have 
been justified. result the Washington Toll Bridge Authority decided 
rebuild the structure soon possible—if safe structure could designed 
which would fall within cost that could amortized toll bridge prob- 
able traffic. consulting board was appointed the fall 1941, design 
department was organized, and intensive studies were begun. 

addition the usual problems involved suspension bridge design, the 
engineers were confronted with two which were decidedly unusual. The first 
one was fit new, wider, and heavier superstructure the former piers, 
anchorages, and approaches which had been uninjured the superstructure 
failure. These parts the former structure have value approximately 
$3,000,000 and therefore must utilized far possible the second bridge. 
The other unusual problem (which was without precedent) was design 
superstructure that would free from the oscillations inherent the several 
bridges similar the Tacoma bridge which had been completed approxi- 
mately The solution these two unusual problems are depend- 
ent, one the other. 

First, the usual problem fixing roadway width and capacity was estab- 
lished after re-estimate traffic had indicated that four-lane structure might 
readily required within years—fixing the width between cables ft. 
Next, attention was given the main piers. Would they accommodate and 
sustain the wider, heavier superstructure with safety? Fortunately, the de- 
sign the main piers was controlled largely forces resulting from the ex- 
tremely swift tidal flow, possible ship collision, and the dead weight the great, 
deep piers themselves. The weight the first superstructure constituted only 
approximately the total foundation pressure, and, consequence, in- 
creasing the superstructure weight from 50% 60% was consequence. 

was also fortunate that the towers the first bridge were constructed 
with battered legs—the legs being centers the pier tops and 
the cable shoes. The towers the second bridge were designed with vertical 
legs apart. Thus, was only necessary remove the present pedestals 
above the main pier tops and design new and larger pedestals apart. 
Actually, the arrangement walls the cellular body the piers was such 
give better distribution load than before. There was the problem, 
however, securing proper anchorage between the main body the pier and 
towers resist overturning during the free standing state. The development 
sufficient anchorage, anchor rods, the body the piers would have 
required extensive changes and some underwater work. The necessary tem- 
porary anchorage was developed, however, the use outrigger braces 
bearing the outer walls the cellular pier and connected the tower ap- 
proximately above the pier top. These outriggers are made largely 
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from chord members and stringers used the suspended structure after 
the cables are spun. 

Another rather unusual problem was presented the anchorages. They 
remained intact after the failure with embedded eyebar anchors apart, 
whereas the anchors for the new design are apart. The design depart- 
ment spent considerable time and study attempt use the former eye- 
bars their original position. the new cables would have 
deflected together back the tension and compression struts 
Spinning would greatly complicated. Also, the heavier bridge would in- 
crease the horizontal pull the cables about 25% with the sag ratio increased 
one tenth instead one twelfth the former structure. This fact 
necessitated not only adding the existing eyebars some manner but also 
enlarging the anchor blocks increase their weight. The studies led the 
conclusion that was better design abandon the former anchor bars, dis- 
posing only those within the volume concrete which would have re- 
moved, provide space for complete new set anchor bars spaced 
center center. This procedure will require the removal approximately 
12,000 concrete from the existing anchors accommodate the new 
bars. Then approximately 20,000 will have placed embed these 
bars and increase the weight the blocks. The new concrete, heavily rein- 
forced, will poured blocks take care shrinkage and will take the form 
horseshoe around the sides and back the remaining core the former 
anchorage. this way approximately two thirds the former anchor blocks 
are utilized. 


CRITERION 


Experiences with, and study of, the first bridge furnished convincing evi- 
dence that development design which would possess stability and yet 
economically possible would most difficult. The problem was without 
precedent and was one which, major part, fell outside the structural field 
and into the aeronautical engineering field. 

few relatively small and poorly designed suspension bridges had failed 
from similar causes and several, modern, major bridges similar design were 
experiencing undesirable, but not necessarily detrimental, movement. Never- 
theless successful corrective measures methods design had been made. 
The oscillatory motions could caused only alternating forces derived from 
the wind. experience the design airplanes was proof that forces 
wing are governed largely its shape. There are only two logical ways 
stop moving automobile: Removal the driving power; and applica- 
tion the brakes. the power the engine reduced, the speed will less 
and the braking power required stop the car will decreased proportion. 

Common sense leads the design criterion set the beginning: 


“The first effort the Designer should reduce the forces acting 
minimum and, having done so, then supply sufficient energy dissipation 
reduce movement point which will not injurious the structure 
noticeable the traveling public.” 
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general, this the rule followed the engineers devloping apparently 
stable design, and many new problems were encountered and much original 
research was made the process. 

the outset, the engineers had fairly complete and relatively accurate 
record the movements the first bridge; also, they knew that practically all 
the existing suspension bridges similar form were subject undesirable 
motion more less amplitude. their inherent freedom motion, all 
suspension bridges are subject large live-load deflections and, therefore, 
could not harmed small oscillatory motions, which probably occur 
all suspension bridges but which must limited unnoticeable amplitudes. 

With the exception the observations the first Tacoma bridge, there 
were dependable suspension bridge records draw from determining 
the answers questions such as: 


What movements have occurred? 

What were the character, amplitude, and frequency the movements? 

What were the accompanying angle attack and the velocity the wind? 

Has the bridge ever been subjected heavy windstorms and from what 
horizontal direction? 


Without answers these questions, there was assurance, except hearsay, 
that many, any, the existing bridges had been subjected their critical 
storm; and, for this simple reason, fallacy fix design criteria the sup- 
posedly observed performance existing suspension bridges until accurately 
measured answers questions are found for many bridges under severe 
wind conditions. There was quite conclusive evidence, however, that the 
existing girder type suspended systems had proved much more sus- 
ceptible aerodynamic forces than the truss stiffened systems. This evidence 
eliminated any consideration the girder type the redesign. 


AERODYNAMIC CONSIDERATIONS 

During many years experimentation, the has sought 
out almost perfect forms for airplane wings and, doing, has reduced 
practically zero the forces that cause flutter” (one the most common 
causes airplane failure). analogous many ways oscil- 
lation ina bridge. However, the type air flow around perfectly formed wing 
entirely different from that expected around blunt rectangular forms 
such those that must used practical bridge form. One smooth, 
nonturbulent flow; the other exceedingly turbulent flow forming 
whorls so-called vortices, and the designer once confronted with the 
probability that the forces causing the two vastly different flow patterns are 
widely separated their action. Furthermore, the highly developed knowledge 
bridge without extensive original research involving turbulent flow. This re- 
search followed along much the same lines that for the airplane—that is, 
preliminary designs were made the design department using all available data 
and knowledge which might improve stability and still preserve economy. 
These designs were then tested the use aerodynamic models specially 

built wind tunnel. 
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Following the aforementioned design criterion, general bridge form was 
adopted which presented the least resistance the passage wind through 
and around the structure and still constituted practical bridge form. 


general, this form included excluded the following structural characteristics 
(see Fig. 1): 


Deep open trusses were preferred plate girder stiffening members. 


Open trussed floor beams were used instead the conventional plate 
girder type. 


slot slot 


~ 
slot 
a SS 
SONS. 
a 
= ~ 
Struts and diaginal braces 


Frontal area was reduced, far possible, using relatively shallow 
chord sections, well narrow faced members for verticals, web members, 
and floor beams. Thus, breaking the frontal area into many small parts 
instead one large commanding area, the former bridge, was hoped 
set condition which the aerodynamic forces would tend fight 
nullify each other and, the same time, reduce drag. 

streamlined rail section was designed. 


These four general characteristics were incorporated attempt reduce 
the aerodynamic forces. was considered impossible, however, reduce 
these forces sufficient amount insure desired stability and further effort 
was made increase the capacity the structure resist motion. This, 


general, could effected by: (a) Increased weight, increased stiffness, and 
(c) external mechanical absorbing devices. 
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Additional weight expensive the cost foundations, cables, towers, and 
anchorages increases proportion. Thus, sufficient weight increase might 
readily exceed the economic limit. Additional stiffness, which could ac- 
complished most readily flat cable sag, seemed more economical. How- 
ever, careful study had determined the most economic sag ratio one 
tenth, and added stiffness was sought through increase moment inertia 
of.the stiffening trusses making their depth maximum, the same time, 
using minimum chord section. The minimum chord section was determined 
lateral wind and distance between cables, both which were fixed and the 
depth the truss was determined live moments and shears. 

Under the live loading adopted for the design stiffening trusses, the 
maximum depth truss within the limiting stresses was ft. Cables and 
towers were designed conventional methods. 


The preliminary design plans were then sent the laboratory where wind 
tunnel had been constructed for model tests. unusual problems were 
encountered performing these tests, and possible enumerate only 
few the important ones. 

make model tests bridge, first necessary have design; then 
three-dimensional aerodynamic model must constructed scale that 
truly simulates the prototype, both form and elastic properties. This scale 
must relatively small because the size the bridge and the limitations 
suitable wind tunnel. wind tunnel must built that will capable 
projecting wind stream scaled velocity over model the entire bridge 
different angles attack. 

The aerodynamicist has important problems such as: 


When tested wind tunnel, will small-scale model bridge 
perform the same general manner, far stability concerned, the 
prototype? 

How small can that scale be? 

Can wind tunnel constructed which will simulate the action 
wind nature? 


Technique and instruments must devised measure low wind velocities, 
angles wind, amplitudes, and frequencies motion. 

Since complete models are extremely expensive and since, all probability, 
changes form will necessary before satisfactory stability can realized, 
possible obtain results from section models (Fig. comparable with 
those obtained through complete models? Will the wind tunnel tests yield 
results that are the side safety? and many other questions, face 
the aerodynamicist. Since aerodynamic model bridge had been made 
tested, precedent existed which could referred answering the fore- 
going questions. 

More less accurate records movements existed only one bridge— 
the first Tacoma Narrows Bridge. These records now became valuable 
source checking model action wind tunnel. 
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Soon after the completion the wind tunnel and the first experiment, 
1:50 scale complete model the former bridge was built and tested. The 
test results showed quite remarkable similarity motion and gave gratifying 
proof that models tested this manner could relied basis for pre- 
dicting the probable action prototype. 


The next step was build 1:50 scale complete model the proposed 
design and run tests. was found that stability had been greatly increased 
over that the former bridge. Complete stability had been established all 
angles attack between upward and downward. This degree stabil- 
ity might have been considered sufficient smoke tests the field indicated 
that, general, winds are horizontal the site. However, was feared that 
cross winds blowing toward the high bluff the west shore might deflect the 
wind stream upward much 8°; and search was started, through 
modification form, establish stability higher angles. Several changes 
the leading edge which had marked effect toward added stability were 
suggested the design department and tested the laboratory. Continued 
study the design department resulted suggestion that the solid concrete 
deck, since had been used all tests that date, fitted with open steel 
grid slots varying widths between each the four traffic lanes and the 
curb (see Fig. 3). Sketches were sent the laboratory and tests were run 
varying widths slots with quite remarkable results. 

Complete stability was established over all downward angles attack be- 
tween and 15° with only very slight limited instability occurring under up- 
ward angles and 7°. Wind velocities all tests cover the 


* 
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range velocities between and 120 miles per hr. Movements were now non- 
catastrophic between critical angles whereas, all tests prior this time, all 
motions beyond the critical angle were catastrophic. The maximum double 
amplitude that could excited over the limited range noncatastrophic 


I | | | | | | 


motion was less than torsion. purely vertical motion was observed. 
Translated the prototype, this amplitude represents approximate total 
movement in. the chords which considered importance and one 
which expected any suspension bridge. 


Throughout these design studies and model tests there were least four 
major problems that were troublesome. definite answer them has been 
established and their significance bridge design must remain matter 
judgment the part the engineer, least until much more research work 
done. 

The first one the matter damping suspension bridge. There 
actual, measured value for the damping suspension bridge. Since 
damping (either structural mechanical) the only method which dynamic 
energy fed into the bridge and which resulting amplitudes can dissipated 
and controlled, becomes utmost importance. 

Because the damping capacity the first bridge unknown, the adopted 
design for the second bridge, for that matter that for any suspension bridge, 
cannot truly simulated model. full model, when once built, has 
fixed damping capacity which cannot reduced; and, therefore, the model 
constructed the lowest possible value. Actual measurements damping are 
available for trussed bridges, however, and the values for the logarithmic dec- 
rement measure damping) vary from maximum 0.2 minimum 
approximately 0.02. The actual total logarithmic decrement, still air, 
the full model the final design was 0.048. This value, the judgment 
the engineers, was considered maximum, with 0.02 minimum. 

the use section models which the decrement could changed 
through range from 0.2 less than 0.02, the effect amplitude change 
decrement was obtained. Using the graph determined, was found that 
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the maximum double amplitude determined for decrement.of 0.048 the 
full model would probably increased maximum torsion the dec- 
rement was reduced 0.02. Since seems that only engineering judgment 
can used estimate the actual damping long span bridge, vitally 
necessary that further research undertaken establish the decrements 
several suspension bridges actual measurements the field. 

The second important problem, which has been solved only partly, the 
question scale effect involving the Reynolds number when turbulent flow 
involved. Does the small-scale model truly represent the prototype aero- 
dynamically? 

Numerous hydraulic experiments, well high-velocity wind-tunnel 
tests 1:20 scale section model different velocities, seem indicate that 
the Reynolds number may ignored cases where the flow pattern ex- 
tremely turbulent. Although reliable authorities agree with that conclusion, 
further proof should established. 

The third problem involves thorough study winds they exist 
nature. Such studies may well become extremely important the prelimi- 
nary design studies every suspension bridge and may have considerable in- 
fluence regard the type structure used. full knowledge the 
natural wind including maximum velocity, direction (both horizontal and 
vertical), the effect terrain angle attack, and probable duration pe- 
riods nearly constant velocity has bearing design and model tests. The 
sufficiency and safety existing bridges cannot judged unless considerable 
knowledge the actual storms which they have been exposed available. 

model studies not possible design wind tunnel that will produce 
wind stream simulating the natural wind. the wind tunnel the air stream 
constant direction and velocity and can maintained that manner for 
indefinite period. nature the wind constantly changing these re- 
spects and given constant velocity and direction exist for only few seconds. 

tests the first bridge, model motion began very quickly, and change 
velocity direction would damp out previous motion and immediately 
start some other type. course, this bridge was extremely unstable and pos- 
sessed little damping capacity. This same rapid building and changing 
modes and motion occurred the prototype, apparently following the chang- 
ing natural wind. 

the model the final design which possesses very high stability, com- 
paratively long periods time under constant velocity and direction wind 
were required reach the small maximum amplitudes. Thus, there great 
possibility that the much more rapid change the natural wind will result 
damping effects and movements will not severe the tests indicate. 

The fourth problem involves the coordination section model tests and full 
model tests. Although tests for the Tacoma Narrows Bridge have been most 
useful along these lines, not enough has been insure reliance 
upon their results without the proof full model. Section models cost only 
fraction the cost the full model and, for less expensive wind tunnels, they 
are necessary. Further research required. 
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Engineers charge believe that the design from which the final full model 
was made will entirely satisfactory and free from noticeable vibration. 
fact,.it entirely probable that the preliminary design without the slotted 
deck would have been satisfactory also. There was some shadow doubt 
concerning the question damping and scale effect, however, and two methods 
increasing the damping effect were added, namely: (1) double lateral sys- 
tem, and (2) mechanical energy absorbing devices. 

The double lateral system (see Fig. greatly increases the frequency 
motion torsion and, likewise, the torsional stiffness. has value re- 
sisting vertical motion, but very beneficial coupled motion should such 
motion occur. Mechanical energy absorbing devices consisting hydraulic 
cylinders were incorporated rigid diagonal ties the center the main span 
(see Fig. 4), and between the top main span and side span stiffening truss 


Damping mechanism 


4.—Part THE CENTER LINE THE BRIDGE 


chords. They were also placed between deep outriggers extending downward 
from the bottom chords and the towers. not anticipated that these jacks 
will particularly effective when small amplitudes motion occur. They 
are installed matter insurance against motions greater than those antici- 
pated and are effective all forms torsion vertical motion. The design 
both the double lateral system and jacks unusual problem itself. 


PERTINENT LITERATURE 


The problems that confronted the engineers charged with the design 
the second Tacoma Narrows Bridge have attracted world-wide attention among 
engineers and scientists generally, with the result that much has been written 
the subject. incomplete list the literature published prior the 
failure presented Section and the literature published subsequent 
the failure included Section II. 
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ANALYSIS FRAMES WITH ELASTIC JOINTS 


method presented for analyzing structural frames with elastic joints. 
With this method the computations are generally such classed 
arithmetical rather than algebraic. approximations other than those in- 
herent the common theory flexure are involved. the presentation 


the method algebraic equations are used either reference means 
performing computations. 


INTRODUCTION 


Full continuity not accomplished the usual welded riveted joints 
steel frame. Nevertheless, their resistance flexure substantial and 
desirable provide method computing their effect the bending moments 
structure. Considerable pioneering work has been done? this field. 
The application end moment distribution and slope deflection the analysis 
structures with semi-rigid joints has resulted computations which, 
stated are complex and tedious. The object this paper 


simplify the analysis the use the traverse method, which described 
detail 


ANALYSIS 


Fig. represented cantilever beam whose connection its support 
will deform and rotate when subjected moment. When loaded the free 
end the elastic curve the beam takes the position indicated the dotted 
line. Deformation the connection causes the joint rotate, represented 
the angle The angular change the direction the elastic curve due 


comments are invited for immediate publication; insure publication the last dis- 
cussion should submitted May 1948. 


Bridge Engr., City Los Angeles, Los Angeles, Calif. 

Building Frames with Semi-Rigid Bruce Johnston and Edward 
Mount, Transactions, ASCE, Vol. 107, 1942, 993. (This paper contains extensive bibliography 
earlier publications this field.) 

Ibid., 1017. 


Flexure Factors for Analyzing Continuous Structures,” Ralph Stewart; ibid., Vol. 
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only flexure the beam represented The angle represents the 
over-all change direction the elastic curve due both joint deformation 
and flexure beam. This interpretation symbols for angles 
used throughout the paper. 

Considerable laboratory work has been done determine for various 
joints how varies with changes applied moment. published stress- 

strain curve® indicates that the joint rotation 
does not accurately follow Hooke’s law, but that 

the error introduced assuming the joint 
have definite modulus elasticity falls within 
reasonable design tolerance. Asa parallel situa- 
tion may noted that reinforced concrete 
design the constant, used express the 
ratio the modulus elasticity steel 
that the concrete. This ratio recognized only approximately ac- 
curate shown the fact that usually taken 10, 12, 15—any 
possible intermediate values between these figures being disregarded. 
also assumed that the modulus elasticity for the concrete remains constant 
for different intensities stress. This assumption known inaccurate 
but the error can be, and is, tolerated. 

order analyze frames with elastic joints linear stress-strain rela- 
tionship assumed for the joints. facilitate the work the rotation 
joint due moment expressed percentage, fraction, the elastic 
curvature caused the same moment connecting member. The inter- 
pretation these assumptions with reference Fig. that both and 
vary directly the bending moment the beam and that will expressed 
constant, for concrete and constant ratio, between the deformations 
concrete and steel used the design reinforced concrete. 

The ratio between and may not the same for each joint frame 
with several joints. will then necessary for the designer evaluate this 
ratio from joint joint, basing his judgment whatever test data are avail- 
able.2 The analytical procedure set forth herein adaptable for use with 


changing ratio from joint joint. 


Application the elements flexure (Fig. actual problem 
illustrated Fig. wherein the flexible joints are considered formed 
riveting the ends the members gusset plates. The bases the lower 
columns are considered fixed and the top the upper column, hinged. Joints 
this frame are assumed semi-rigid; that is, the angle yield each 
joint assumed for this problem one half the angular change direc- 
tion the elastic curve the member caused the moment that produces 
the joint 4A. Each member considered having con- 
stant cross section, which will fix all A-angle points the third points 
the Making Fig. and applying the law that the 


Building Frames with Semi-Rigid Bruce Johnston and Edward 
Mount, Transactions, ASCE, Vol. 107, 1942, 996. 
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lengths the sides traverse triangle are proportional the opposite angles, 
found that the ¢-angle located point from the end the beam. 
All Fig. are shown. 

The over-all stiffness span having yielding 
joints defined the ratio end moment the angle which results. 
The stiffness member without yielding joints the ratio end moment 
the change produces the direction the elastic curve—that is, 
Fig. the assembly stiffness span connected yielding joint will 


two thirds the member stiffness because The stiffness member 


constant section has the value which will recognized the co- 


efficient preceding the parenthesis the usual slope deflection equation. 
different from the stiffness defined for end-moment distribution. 

solve Fig. begin joint and sketch the traverse. Dot-dash 
lines show the rotated position gusset plates. The beam taken fully 
continuous over joint the angle flexure the left joint A-angle, 
located from joint For column draw all lines the traverse 
showing both the rotation the gusset plates and the angular change 
point the elastic curve the member. 

point assume unit rotation for the top the column. the laws 
the upper and lower A-angles will then have values and 
respectively. From the statement the problem, the column connection 


yield under joint will one half the upper A-angle, Using 


the relative stiffness value the moments the top and bottom column 
will the the column multiplied the respective A-angles. These 


moments are written Fig. and the moments are balanced about joint 
writing the moment, over the left end beam BC. 

Use the for the traverse the right point calls for the use 
the assembly stiffnesses, which are two thirds the member stiffnesses. 
These are written circles shown Fig. 2(a). Evaluating the traverse 
from joints easy routine procedure utilizing the traverse properties 
that: 


(1) angle flexure multiplied the appurtenant stiffness equals the 
end moment which causes the flexure; and, conversely, the end moment 
member divided the appurtenant stiffness equal the angle flexure 

(2) The angles and the lengths the lines between the angles must close 
geometrically. other words, the traverse must pass through the joints 
supports the ends the individual spans. 

(3) any traverse triangle the angles are proportional the lengths 
the opposite sides. 


q 
. 
3 
rs 
< 
m 
m 
ar 


December, 1947 ELASTIC JOINTS 1503 


Applying these properties traverse the steps are follows: 
The moment B(= divided the assembly stiffness obtain 


Three procedures are available for obtaining the unknown joint rotation 


grade computations and are such elementary nature that they need 
description. The method favored the writer compute the unknown, 
2(a) and multiplied the stiffness 2%) obtain the moment 38) 
which recorded over the right end span BC. The numerical value the 
joint rotation 14.25 10.75. With this joint rotation 
and the lengths the traverse courses members and known, the 
flexure angles these members are determined the third the previously 
cited traverse properties. These angles are then multiplied the appurtenant 
stiffnesses obtain the moments, which are written the ends these mem- 
bers. Note that the lower flexure angle member A-angle and not 
and that the bottom moment member exactly half the top 
moment. This verifies the carry-over factor used the end moment distribu- 
tion method. further check available comparing the moments 
column with those column AB. The top joint rotations these col- 
umns are the ratio Stiffness ratios for the two columns are the 


ratio Application the two ratios the moments column gives: 
10.75 


The three moments now written about joint are all resisting moments 
activated the moment the left end member CD. Addition these 
resisting moments gives Mcp 67.18. Also, note that the lines the traverse 
show that clockwise, whereas the other three moments about joint 
are counterclockwise. 

Traverse computations are carried from joint joint the same 
procedure used from joint joint The cantilever the right joint 
taken fully continuous with member DE, therefore the angle which 
measures the moment A-angle. This angle located from 


moment For member the traverse computations are 


interesting and useful property this traverse that all angle values 


are coefficients the -value for column AB. This occurs because the true 
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the written values. Restoring this -value will enable the deflection the 


cantilever end beyond joint computed very quickly, follows: The 
end the cantilever the product the end slope and the length the 
cantilever, plus the ordinary cantilever deflection which would occur there 
were rotation over support 

the Fig. may resemble maze angles and numerals. 
should borne mind, however, that there are supplementary computa- 
tion sheets bother with all computations are shown Fig. 2(a). 

obtain the effect member fixed-end moment and also 
obtain automatic check the computations heretofore made, the 
traverse shown Fig. 2(a) sketched. Evaluation this traverse begins 
assigning value the rotation joint This value selected be- 
cause the amount which end member rotates Fig. 
(It should noted that the rotation (Fig. 2(a)) the rotation the 
gusset plate. determine the rotation the member, the angle joint 
yield, which one half the A-angle one third the ¢-angle member 
BC, added.) The computations for Fig. 2(b) follow the usual pattern until 
joint reached. that point the complete detail the flexure drawn. 

The A-angle which measures the moment member computed 
the usual method. Also, the end rotation member computed 
the usual angle summation from points and its value, 264.5, 
recorded (Fig. 

Multiplication the A-angle value (439) the -ratio (4) gives the value 
the resisting moment (1,756), which shown Fig. evaluate the 
remaining elements the flexure about joint the upper A-angle column 
designated the independent unknown quantity. the properties 
traverse, the rotation the top the column will the 
terms the problem, the joint yield the top the column will also 
The gusset plate rotation point will therefore equal the connection 
beam the gusset plate the joint yield will half much the 
joint yield the column connection because the beam twice stiff the 
column and will have A-angle and only half large. Therefore, 


264.5. Solving, the upper A-angle column 211.6 and the 


moment the top the column 423.2 recorded Fig. 

Adding the two resisting moments about joint found that the ap- 
plied external moment, fixed-end moment due loading, required pro- 
duce them 2,179.2. Reference Fig. 2(a) shows that the external moment 
the same the activating moment joint known, therefore, 
the Maxwell theorem reciprocal deflections (angular) that all computations 
are correct and unnecessary review the arithmetic. The closure about 


the 
tion 
the 
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joint can further checked noting that all column angles, the gusset 
plate rotation, and the moment for column are exactly proportional 
Figs. 2(a) and 

After Figs. 2(a) and 2(b) have been completed the work computing the 
effect moment any intermediate joint much reduced. get the 
effect fixed-end moment applied joint the moments members CF, 
CG, CD, and DE, all taken from Fig. are first copied outline the 
frame (Fig. 2(c)). the laws the traverse, the gusset plate rotation 
47.5 Figs. 2(b) and 2(c) will caused rotation 89.87 end 
member BC. Fig. 2(a) the gusset plate causes rotation end 


member BC. The moments and (Fig. 2(a)) are multiplied 


and the results recorded Fig. Next, the resisting moments about 


joint Fig. 2(c) are added and the resulting activating moment which pro- 
duces them taken applied through member BC. The net moment 
will this activating moment less the resisting moment; that is, 908.08 
569.18 338.9. These moments are recorded Fig. 2(c). Signs, where 
shown, indicate whether the moment tends produce clockwise (positive) 
counterclockwise (negative) rotation about joint 

illustrate application Fig. actual problem, the moments 
the frame are computed for uniform load kips per member BC, 
which assumed long. The fixed-end moments and are 
each 100 kip-ft. Table 1(a) shows the computation the moments throughout 


(a) 
2(b) 19.4 3.7 2.2 9.6 1.1 
100 
908.1 2(c) 6.6 9.0 5.2 23.1 2.6 


the frame for these fixed-end moments. Moments tending 
clockwise rotation about the adjoining joint are shown negative, the direc- 
tions the moments being obtained inspection Figs. and 2(c). 
Table 1(b) shows the end moments for this frame the joints were rigid and 
the same loading applied. 
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SIDESWAY 
Methods including the effect sidesway the computation bending 
moments rigid frame are presented number textbooks. correct 
the moments Table 1(a) for the sidesway that would occur supports 
and were rollers involves only use 
the type traverse shown Fig. 
the usual form sidesway analysis 
procedure for rigid frames. Amplified 
slope deflection® can readily applied 
frames with elastic joints and suit- 
able for problems involving sidesway. 
The solution such problem ampli- 
fied slope deflection has been 
The moments symmetrical two- 
story frame having elastic joints and 
subjected lateral force are easy 
figure the condition joint yield 
assumed the same for Fig. 
and the relative stiffness values shown 
have been corrected for joint yield 
taking two thirds the the 
members. Using the laws traverse, 
the values all angles are written terms the moment point and, 
will interest users the traverse method note that the trav- 
erse lines Fig. have the same characteristics the traverse frame hav- 
ing tapering members with rigid joints. fact, theoretically possible 
determine the design frame with rigid joints and tapering members which 
would have exactly the same traverse lines and same moments those shown 
Fig. 2(a). This not interpreted general statement since, when 
the final closure traverse joint having more than one elastic connec- 
tion, the substitution tapering members proper closure. 
are 
The properties elastic curve traverse facilitate computation the 
bending moments frames having semirigid connections. computing de- 
flections such frames the advantages the even more 
apparent than computing moments. The underlying reason that the 
traverse method utilizes all the angles that measure changes direction 
elastic curve; for example, the flexure (A) angles, well the joint rotation 
(6) angles. 
Slope Deflection,” Ralph Stewart, Transactions, ASCE, Vol. 110, 1945, 1401. 


Building Frames with Semi-Rigid Connections,” Bruce Johnston and Edward 
Mount, ibid., Vol. 107, 1942, 1029. 
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THE SIGNIFICANCE PORE PRESSURE 
HYDRAULIC STRUCTURES 


deductive reasoning shown that under and within any concrete 
structure founded below water level, with water one side (such 
gravity dam, even rock foundation), hydrostatic uplift acts over the entire 
horizontal area, instead over one half two thirds the area commonly 
assumed. shown that the magnitude the uplift force which un- 
certain and should the subject field observation and experimental 
investigation, not the area application. also shown that the hydro- 
static force against dam applied progressively along the route seepage, 


instead against the upstream face. Various implications these funda- 
mental principles are discussed. 


Efforts promulgate the doctrine 100% effective uplift area under 
hydraulic structures, the part the few who have reached this conclusion 
research analysis, have never been convincing because the indirect, 
and therefore not evident, character any tests which could made. 
addition, the doctrine has always appeared the reader impossible because 
two erroneous concepts, almost universally held: First, that 100% uplift 
area cannot true because large proportion the base area must 
contact support the load and second, that many most existing dams would 
have failed the 100% uplift area doctine were true. fact, these views 
are almost universal and strong that has proved difficult secure publica- 
tion space for any opposing viewpoint. This not all strange for, ad- 
mittedly, the opposing principles seem axiomatic without resort the demon- 
stration which hereinafter built from elementary principles. 


fundamental ideas contained this paper were submitted Mr. Harza 
1937 paper which was then declined. Changes and improvements have been made the original paper, 
which was resubmitted and approved 1947. Written comments are invited for immediate publication; 
insure publication the last discussion should submitted May 1948. 


Engr. and Eng. Co., Chicago, 
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believed that the traditional controversy over the effective uplift area 
dams the result false conception the internal characteristics 
concrete. The author has long maintained that uplift within under 
hydraulic structure can best approached phase the buoyancy phe- 


contending, the basis deductive reasoning, that pore pressure 


submerged concrete (including dams) produces uplift equivalent full 
buoyancy, which turn equivalent uplift over 100% horizontal area, 
and that pressure against dam not exerted largely against the upstream 
face, but progressively along lines seepage and the direction seepage. 

For presentation the subject, will first necessary visualize the 
porosity characteristics concrete. customary visualize concrete 
mass loose and very porous sand and gravel made practically solid filling 
the voids with nearly impervious, neat cement paste. Nevertheless, the usual 
commercial concrete contains voids important proportion. These voids 
obviously not occur the aggregate particles, which are practically devoid 
porosity. some extent, poor, lean concrete, they may result from in- 
complete filling the aggregate voids with cement paste, thus leaving sand 
pockets and honeycombed structure and also voids along the under surfaces 
the larger aggregate particles. good, well-proportioned and well-mixed 
concrete, however, they must necessarily occur chiefly the cement paste. 

workable mix concrete requires water far excess that required 
the chemical action setting, leaving this surplus water mixed throughout the 
cement paste, and the process mixing inevitably entrains air bibbles. These 
two facts would seem explain the porosity the cement paste. late, 
air-entraining admixtures are becoming common for purposely introducing addi- 
tional minute air voids. New problems possible changes treatment the 
uplift problem, because these voids, will ignored immaterial for the 
purpose this paper. any event, has been found that these air voids 
will saturate with water aftet exhausting the air vacuum, indicating that 
they communicate, and possible even probable that water will ulti- 
mately displace the air these voids concrete that continuously subject 
water pressure. 

Normal commercial concrete has voids the general magnitude about 
12% and the very best laboratory concrete has about 6%. Assuming these 
voids the cement paste, and assuming six bags cement per cubic 
yard concrete, the voids the cement paste would 54% and 27%, 
respectively. 

Porosity cement paste has been studied? for the United States Bureau 
Reclamation connection with studies permeability concrete. Table 
shows the make-up cement paste determined these studies, and com- 
pares with the results obtained ASCE, and 


Transactions, ASCE, Vol. 99, 1934, 1085. 

Investigation the Permeability Mass Concrete with Particular Reference Boulder 
Ruettgers, Vidal, and Wing, Proceedings, Am. Concrete Inst., 1935, 


Principles Concrete Making,” McMillan, Book Co., Inc., New York, 
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Yoshioka, Kumagae, and These tests confirm the previous 
computations for concrete with voids about 12%. Thus there will as- 
sumed hereafter 50% voids the cement paste, which fact now becomes 
the porous element the concrete, with voids even greater proportion than 
those the original aggregate although smaller size, and yet known yield 
the passage seepage water 


under pressure. TABLE 
Assuming that the individual 

grains, minerals, and aggregate 
concrete have specific grav- 
whole (equivalent lab- (1) (2) (3) (4) 

62.5 2.65 0.94 0.06 100 100 100 


the buoyant weight 62.5 
1.65 0.94 96.94 per ft. 
the porosity 12% (more common field concrete), then the saturated 
weight becomes 153.25 per and the buoyant weight 90.75 per ft. 
For 15% porosity, these weights become 150.16 per cut and 87.65 per 
ft, respectively. 

Again, assume normal concrete with 12% voids and let represent the 
average diameter the pores. Then all pores were concentrated layers, 
equivalent laminar voids thickness occupying the entire cross section, 
the spacing, such layers could expressed 

Most the pores the cement paste will obviously comparable size 
with the cement grains. pores were 0.01 in. diameter, enough would thus 
occur each 0.083 in. height form full projected area the concrete 
whole; 0.02 in. average diameter, form full projected area each 
0.167 in.; and, even the pores were 0.1 in. diameter, form complete 


lamination across the section the concrete every 0.85 in. 


the cement paste, considered itself, the spacing void laminations 
based 50% voids would only about or, perhaps the order 
0.02 in. for voids averaging 0.01 in. diameter, hardly more than film 
cement apart. the aggregate particles themselves are relatively poreless 
such idealistic lamination pores must divert around them. 

Usual practice brush the foundation construction joints struc- 
ture with neat cement mortar prior pour. Such practice obviously does 
not provide perfect contact the sense one which will exclude water and 


Kumagae, and Iijima, Japanese Soc. Chem. Industry (Japan), October, 1931. 
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impervious, and the lowest pores, sufficient for complete projected area 
pores, would thus separated from the bottom only mere film cement 
paste, all. 


the approach the uplift problem related the principle buoyancy, 
the ideas will developed process evolution from basic principles, 
the risk criticism for being elementary. This excusable necessary 
clarify the subject. Consider object, submerged still water (Fig. 1). 
Assume the object divided into elementary vertical columns 
cross section dA, which one. Then the down- 
ward hydrostatic pressure the top the element 
and the upward pressure the bottom dA, 
the unit weight the liquid. The uplift force 
which the latter exceeds the former h)dA, re- 
sulting reduction submerged weight this amount, 

Fic. Known buoyancy. The volume the element 

volume. The same holds true for all the elements com- 

bined; that is, times the total volume, which the 
weight volume water equal that the object, its displacement. 
This true regardless the depth submergence. 

Again, body submerged water under the condition uniform 
horizontal flow, buoyancy will unchanged but there will also horizontal 
dynamic pressure the approach side and reduced pressure the receding 
side, well hydraulic friction acting the body, shown Fig. 2(a) 
Under conditions uniform 


Flow, 


and 2(c), these forces cause 
and decrease Fig. 2(c). 

Such dynamic force does not change the buoyant effect, but merely adds 
another force combined with the buoyancy obtain the resultant effec- 
tive force. 

the flow horizontal and converging (or diverging), however, 
Fig. 2(d), there will still differential between top and bottom pressure 
essentially equal displacement, inasmuch the static pressure along any 
line will increase the depth, even though the static pressure progres- 
sively reducing along the line flow. 

Flow loose granular material, shown Fig. 3(a), not different from 
the preceding illustrations, except that the whole waterway filled with ob- 
jects instead one isolated object. There progressive loss pressure 
through the mass; each void under lower pressure than the void the left, 
and each particle therefore subjected greater pressure the left 
approach side than the receding side. Therefore, these particles are sub- 
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jected not only buoyancy acting vertically, but also force tending 
move them the the pipe were turned vertical position 
(Fig. 3(6)) without flow, each particle would buoyant. any flow 
directed upward through the mass, then the seepage forces (Fig. 3(a)) would 
added the buoyancy and both 
would tend reduce the effective 
weight lift the particles. 

This principle (that gravel, 
sand, and earth, submerged still 
water, are fully buoyant—in other 
words, are reduced weight the 
full extent the displacement 
individual particles thereof) quite 
generally accepted. The popular 
acceptance this principle rests 
the belief that the point point 
contacts each particle with the 
adjacent ones not reduce the 
effective surface area each particle subjected hydrostatic pressure. 
other words, each particle fully surrounded water like the submerged 
object Fig. regardless these point point contacts. 

assumed that the particles Figs. 3(a) and are all cemented 
together their points contact without increasing the areas contact, 
then obviously change pressure will result and the solid body thus created 
would tend move whole, not because pressure against the upstream 
face, but because progressively reducing internal pore pressure causing 
buoyant and seepage forces act against each particle. 

That all the principles previously enumerated would just true the 
pores are filled with cement paste form concrete is, however, not generally 
accepted the profession and needs demonstration. Popular opinion, with 
few exceptions, regards fact the belief that the cementing together 
particles form concrete reduces the top and bottom areas particles sub- 
jected water pressure and thus excludes water pressure from much the 
surface area each original particle preclude the action buyoancy 
the individual particles the mass. will shown, the contrary, that 
internal buoyancy continues fully effective concrete loose 
granular material. 

Fig. 4(a) first considered that there flow, that only static 
pressure effective. has been proved herein that concrete quite porous 
and well known that seepage under pressure passes through any concrete. 
has likewise been proved experimentally’ that submerged specimen 
concrete cannot measurably compressed subjecting the liquid which 
submerged high pressure. This proves that all pores communicate 


and that the static pressure Fig. must exist all pores. the cross 
and Seepage Under Dams Sand,” Harza, Transactions, ASCE, Vol. 100, 1935, 


Tests Determine Hydrostatic Karl Terzaghi, Engineering News-Record, June 18, 
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section any one pore, such projected upward, will eventually end 
may require continuation until two more pores, such and are 
encountered before the entire cross section the cylinder from terminated 
pores. Inany event, 
the probability 
great, any length 
concrete greater than 
become certainty 
that each such cylinder 
will terminate pores 
both ends. More- 
over, the entire volume 
concrete will thus 
subdivide into such cyl- 
inders. Since the dif- 
ferences hydrostatic 
head which these 
pores will subjected 
are equal their dif- 

each column will 
subjected buoyancy just the elementary column Likewise, 
since each column buoyant, and the whole object composed such 
columns, then the entire internal structure buoyant, and the effect cemen- 
tation nullified. 

Even though the popular belief may shared that internal buoyancy can- 
not exist concrete because water pressure cannot effective over the entire 
top and bottom areas the original sand and gravel particles aggregate be- 
cause the cement, yet only necessary thus dismiss consideration 
the original aggregate particles and visualize new conception different 
elementary unit material obtain cylindrical particles that are exposed 
pressure top and bottom, and thus restore the conception full buoyancy, 
uncemented mass. The entire volume submerged concrete may 
thought of, therefore, built vertical cylinders averaging very much 
less than in. height, each terminating pore top and bottom and 
subjected buoyancy—the entire mass therefore weighing only from about 

Fig. 4(b) indicates the same pores illustrated Fig. 4(a). has been 
previously shown that they are sufficient, even the best concrete, form 
layers pores filling the entire cross section intervals fraction 
inch, shown Fig. 4(c). water pressure applied the concrete filled 
pipe Fig. 4(b), the pressure will reduce from entry the point 
escape. Intermediate pores will contain pressures reduced proportionally 
distance, the pressure these pores decreasing from left right. Each solid 
cylinder between pores therefore subject force equal the differential 
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pressure between the pores the ends such cylinders. Thus the differential 
pressure cylinders and cd, the total head lost the distance will 


be, respectively, and The total volume under pressure the sum 


the elementary cylinder the total cross section equal the total 
cross section the specimen; and the total summation The 
total force therefore which the cross section the entire speci- 
men. The volume can also divided into vertical cylinders right angles 
the seepage forces, indicating internal buoyancy. seepage forces are 
added Fig. applied water pressure, then they become additive 
the buoyancy forces instead normal, Fig. 4(b). Ideally the situation 
the same the pores were concentrated into layers Fig. 4(c), and 
each layer pores were connected fine seepage channel shown, that 
the water pressure would reduce steps from and exerted over the 
entire area each concrete disk each layer pores. Each disk would thus 
subject thrust equal the difference pressure its two faces. 

The principle identical with that flow through cohesionless sand 
gravel, and filling the voids with cement paste thus has influence except 
decrease the percolation factor—just cementing the contact points had 
effect the loose granular material (Fig. 

The only difference between buoyant and seepage forces the rate 
dissipating pressure through the specimen. buoyancy the rate increase 
pressure with increasing depth fixedeby the weight water, whereas 


Figs. 3(a) and the rate whatever that may be. Also, the 


pressure applied not the entrance face, but along the route seepage and 
the direction seepage. 

remains only summarize the principles static pressure and flow 
concrete comparison with these phenomena loose granular material, 


based upon arguments herein and other known and recognized facts. 
These principles are: 


(a) Concrete porous material with all the pores communicating 
loose material. 

(b) Hydrostatic pressure will develop the pores submerged concrete, 
equal magnitude the depth given pore below static water surface, 
except that greater time element may elapse reaching static condition, 
analogous the case clay rather than that coarse loose material. 

(c) Flow water through concrete obeys Darcy’s law does through 
loose material. 

(d) Internal buoyancy exists submerged concrete truly loose 
material; visualize this only necessary conceive different unit 
material than the original aggregate pieces composing the concrete. 

(e) There difference hydrostatically hydraulically between the 
original loose aggregate and the finished concrete except for the reduction the 
percentage and size voids. These differences have effect the laws 
flow, but merely the permeability constants. 


q 
bd 
4q 
, 
ue 
ik 
q 
= 
| 4 


1514 PORE PRESSURE Papers 


(f) The only difference principles that the particles adhere each 
other concrete and not the original aggregate, but the laws 
and hydrostatics not concern themselves with this difference. 


Although has been shown that submerged concrete internally buoyant, 
the question will arise the buoyancy whole because the belief that 
the weight concrete structure will exclude water pressure from the bottom 
that part the supporting surface 
with which intimate contact. This 
traditional belief calls for critical analysis 
and will considered two phases: (1) 
When resting upon impervious surface 
such metal, rubber, glass; and (2) when 
resting upon any natural mineral surface. 

Fig. shows cube suspended 
water and therefore buoyant whole, 
ally buoyant not. Fig. this same 
cube shown resting the bottom. the 
contact with the bottom perfect 
exclude water pressure over the whole 
part the contact area (which requires that 
the bottom impervious), then prevailing 
opinion would not admit the cube 
buoyant over that much the area. 

shown deductively that will buoy- 

ant, regardless perfect contact with impervious bottom, except perhaps 
below the lowest pores the material. 

For analysis this principle reference made Fig. 5(c), which shows 
enlarged view the cube submerged water and making contact with the 
bottom. Two elementary columns the concrete cube, each unit cross 
section, are shown: One, with two pores each height, interrupting the 
continuity the column, both above the base, these pores each communicating 
with the outside water through the general porosity the the other, 
having two pores and differing from only that one the pores the 
bottom and assumed prevent direct contact this column with the 
supporting surface. For simplicity, the top the specimen will assumed 

Each pore will subjected water pressure corresponding its depth 
below the water surface and that part the column above the upper pore will 
therefore subject uplift pressure equal The top the column 
below this pore will subjected downward pressure equal 
The water each pore will exert pressure upward the top surface the 
pore and downward the bottom the pore. Every part elementary 


Pores 


4 

Int 

act 

4 


oo 


December, 1947 


PORE PRESSURE 1515 


column having pore both top and bottom will buoyant, just ele- 
ment the submerged object, Fig. buoyant. Whereas the lowest 
‘section, h3, column rests the bottom and assumed water- 
exclusive contact with the impervious bottom, will not buoyant, but, 


the contrary, its dry weight will increased the water pressure the pore 


its top. 
summarizing pressures and weights, expressed units depth water, 


throughout the height column, using for the specific gravity concrete, 
the total load placed the foundation column 


which thus found the saturated weight the concrete, and 
represents the aggregate height pores the column proportion the 
total height the column. 

The total load placed the foundation column 


which thus found the buoyed weight concrete. 

the horizontal cross-sectional area the concrete block Fig. 5(c) 
and the proportion base area assumed such intimate contact 
with the supporting surface prevent water pressure (water-exclusive 


contact), then the concrete load the supporting surface, from and 
will 


Based this analysis, the conclusion seems evident that the effective weight 
concrete above those elementary columns, and hence those areas, such 
intimate contact with impervious foundation exclude water pressure, 
the full dry weight concrete plus pore water, the saturated weight 
concrete, whereas the effective weight above areas not contact only the 
buoyant weight concrete. This tends confirm commonly accepted opinion 
this respect, condition that the bottom contact impervious foundation 
actually excludes water pressure. 

Before accepting the foregoing principle, however, should subjected 
further critical analysis the internal buoyancy rather than the body 
whole. Instead analyzing the with the foundation, 
analysis should also made rough surface joining the lowest pore each 
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elementary column the specimen near the base. If, for example, 
column Fig. 5(c), analyzed only down the lower pore, omitting hs, 
becomes 


which the buoyant weight the superimposed concrete, column 
instead the saturated weight obtained including h3. The weight 
the specimen above rough section joining the lowest pore each elementary 
vertical column concrete would thus completely subjected buoyancy 
and would have effective weight only from about per ft. 

Likewise, the downward water pressure the lowest pore column 
acting directly the foundation, included Eq. 3b, the result Eq. 
for column the saturated instead buoyed weight concrete. Thus 
the total pressure (concrete plus hydrostatic) the base the same for both 
columns and Column however, not contact with the base and its 
mechanical load weight, carried the base through the adjacent columns, 
only the buoyant weight the column. Thus, the downward water pressure 
the base the lower pore column load value the stability 
the structure. 

The weight above the lowest full projected area pores (using Eq. 
would 


Subtraction Eq. from Eq. gives 


which the summation downward hydrostatic loads the lowest pore 
each elementary column assumed water-exclusive contact with the base. 

has been shown that concrete contains enough pores small fraction 
inch form full projected area, and therefore that the rough surface 
through the lowest full projected area pores very close, fact within 
small fraction inch the supporting surface, and that the volume above 
this surface practically the same the total volume. neat cement paste 
first applied foundation, then this surface will within 0.02 in. 0.03 
in. the foundation, and where there are bottom pores there will contact. 

Thus submerged block concrete resting impervious bottom 
apparently buoyant state except for the contact particles thin irregular 
layer the bottom below the lowest full area pores. Also, this 
thin layer, hardly more than film cement, suddenly adds the effective 
weight the entire difference, indicated Eq. between the total effective 
weight and the buoyant weight. This great additional weight added the 
bottom film cement the result the unbalanced downward pressure the 
lowest pores, which acts much vacuum cup adding greatly the effec- 
tive adhesion effective weight without having appreciable weight 
function this manner requires, the case the vacuum cup, that the 
bottom impervious exclude pressure from underneath. 

discussed the following paragraphs, claimed that neither concrete 
nor cement can make, with any natural mineral foundation, contact capable 
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excluding water pressure, but such contact possible would occur only 
plate metal rubber. The writer doubts that water-exclusive con- 
tact cement paste having voids about 50% and granular structure 
possible even rubber, metal, glass. opinion assumes that is, 
and this assumption the difference between buoyant weight and actual 
foundation pressure (Eq. thus contributed only this thin bottom layer. 

The condition buoyancy submerged block concrete resting 
natural rock foundation can best visualized Fig. which illustrates 
detached section concrete near the base submerged structure, such 
shown Fig. 5(c), with pores irregular size, haphazardly placed, and resting 
upon foundation close-grained rock with smaller and fewer pores than are 
contained the concrete. All natural rock foundations are porous, however, 
with the pores under hydrostatic pressure, and 
natural rock always intersected joint planes, 
bedding planes, and hair cracks, which make 
foundation, general, more pervious than con- 
crete. each rock pore below the base line 
Fig. projected upward form column, will 
soon terminate pore the concrete and sub- 

NATURAL 

lowest layer concrete are projected 
into the foundation, they will eventually terminaie 
sufficient rock pores equal the projected sectional area the column 
(or, more likely, will first intersect hair crack, seam, fissure, joint plane, 
bedding plane) also under hydrostatic pressure corresponding its elevation. 

Thus, the base line submerged structure contact line concrete with 
rock not significant any change principle uplift buoyancy which 
continues downward into the rock. The widely accepted principle, that up- 
lift under submerged structure depends the area the base intimate 
contact with the rock, must therefore abandoned entirely. The old theory 
would valid, all, only artificial foundation laboratory, such 
plate steel rubber, and this very doubtful. 

not denied that some strength exists along the rough surface failure. 
conceivable and, fact, matter observation, that structure may fail 
along surface partly through the concrete, partly through the rock, and else- 
where along the contact line. Conventional theory design, against over- 
turning dam for example, assumes tensile strength cohesion across 
the surface failure. Strength does resist fracture along any rough surface 
containing sufficient pores form full projected area, thus subject buoy- 
ancy, because obviously necessary intersect solid material obtain such 
asurface. The actual surface fracture would the weakest section, which 
would contain the minimum solid material. Perhaps this surface would 
omit near-by pores favor solid fracture where the departure from plane 
(necessary include all pores full projected area) would require fracturing 
more area vertically include pores relatively far away, than would need 
fractured omit these pores and maintain more nearly plane surface. 
This the case when aggregate pieces are fractured. More likely, however, 


af 
hae 
| 
. 
q 
Je 
2 4 
q 
4 
§ 
q 4 


1518 PORE PRESSURE Papers 


the fracture would localize horizontal pour plane, which also has cohesion 
and strength less amount. The fact that the surface fracture has strength 
does not disprove the thesis that the material above this surface buoyant 
state. 


EXPERIMENTAL 


next becomes necessary reconcile this viewpoint with previous experi- 
ments, most which were otherwise interpreted. was found Karl 
ASCE, however, that submerged, bare specimen concrete 
could not measurably compressed high pressure the water which 
was submerged, although was compressed when jacketed with metal foil 
prevent water from entering the pores. This experiment, which arrived 
99% effective area, tends indicate that the water pressure enters every pore, 
matter how small, and practically surrounds 
each solid particle poreless aggregation 
material, the case loose material, and 
would infer that there are pores small 
prevent the contained water from obeying 
the laws static pressure. This would seem 
offer complete and conclusive experimental proof 
the viewpoint expressed herein, within experi- 
mental limits observation. Unfortunately, 
however, more than ten years have elapsed since 
its publication and has not been accepted 
the profession general, but only very few 
daring thinkers. 

The latest reported indicates that 
the profession still entirely the dark 
fundamental nature the uplift phenomenon 

and still trying answer the question what 

CRETE Dams 

perimenter’ 1936 nearly 100%, and 
the writer the same year always exactly 100%. experiment 
Leliavsky Bey, shown Fig. demonstrates ingenious approach 
supposed problem, which, however, nonexistent. 

this experiment water pressure, introduced the outer annular 
space and escapes the central drainage hole controlled pressure, and 
the top the specimen with pressure zero. Mr. Leliavsky’s basic assump- 
tion, with previous writers and experimenters, was that water pressure the 


pores between and serves wedge, acting only over part the sectional 


area the specimen split the specimen what may prove the weakest 
section. problem determine the proportional area over which 
the internal wedge pressure the pores effective, analogous the uplift 
area dams. 


Experiments Effective Uplift Area Gravity Dams,” Leliavsky Bey, ‘‘Uplift Pressure 
and Beneath Dams: ASCE, Vol. 1947, 444. 
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application the reasoning expressed herein Fig. can shown 
that the pore pressure produces wedge effect tending split the specimen, 
and that the specimen broken plain tension, mechanical testing 
machine, the results offering possible significance toward the solution the 
problem hand. Thus, considering line pores the concrete extending 
from section the top the specimen, pores from will, ideally, 
all under essentially the same pressure (except for minor differences 
elevation, nonuniformity concrete, and pressure distribution, which can 
ignored). The concrete cylinders joining adjacent pores will subjected, 
therefore, the same pressure each end and will have tendency split 
apart any tendency whatever move the water pressure these 
pores. wedging action longitudinal stress can result from this pore pres- 
sure, long the pressure the same each end any elementary cylinder. 
The pressure single pore might tend split the specimen without consider- 
ing the adjacent pores. However, the pressure single pore cannot exert 
any net splitting effect the pressure adjacent pores produces equal 
opposing force the other end the elementary cylinder joining them. 

From section the top, the pressure the pores will gradually re- 
ducing zero, Fig. 4(a), and 4(c), and lifting effort will applied 
gradually from section the top because each elementary cylinder will 
have higher pressure its bottom than its top and the total lift the 
summation such differentials.- Any break the specimen between sections 
and therefore the result tension applied above section aa, though 
mechanical tension testing machine attached the specimen above aa. 
The total amount tension thus applied the measure the strength the 
specimen when subjected high hydrostatic pressure seeping radially toward 
the central drainage hole. has other significance and not necessarily 
indicative the strength the concrete specimen air. The only force 
local origin tending cause elongation the specimen between sections 
and that resulting from Poisson’s ratio for the radially acting compressive 
force the external water pressure the cylinder. 

Thus, Mr. Leliavsky’s Eq. should written 


which the unknown factor, applied the variable strength the speci- 
men, instead the total tension applied the specimen. Mr. 
Leliavsky’s research, well that all his predecessors (Rudeloff, Panzer- 
bieter, Féppl, and others) sought determine the percentage area over 
which internal water pressure concrete would act. The criticisms offered 
herein are applicable with variations all these previous tests. 

Those who have arrived experiment nearly 100% uplift area have 
hardly dared believe their own experiments, and have sought explanation 
complicated theories. They have not dared all the way 
uplift area because failure dissect and interpret correctly the porous nature 
concrete. Thus, Professor Terzaghi found, three series experiments, 
values 0.97, 0.97, and 0.998. According his theory these large values are 
explained the belief that— 
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small blocks, with points contact minute belong still higher 
order minuteness and that the surface rupture irregular surface 
least resistance which passes almost entirely through the micro voids.” 


Mr. Leliavsky quotes this explanation defense his average value 91%, 
which obviously has mental difficulty justifying without the help this 
theory. 

seen the previous analysis that this theory unnecessary and that 
uplift over exactly 100% the area, and less, can easily and clearly 
explained and requires fantastic conception the nature concrete, but 
merely the fact that porous. 


APPLICATION CONCRETE Dam 


has been shown that concrete internally buoyant truly loose 

granular material, and that obeys all the hydraulic and hydrostatic laws 
loose granular material. quite universally accepted that the material 
earth dam all buoyant state below the line pressure saturation, 
free water surface, Fig. 8(a). Then, the material such dam were 


Loose Granular Material (b) Concrete 


cemented together into concrete, Fig. 8(b), would remain internally 
buoyant before, with the same line saturation; fact, would remain 
buoyant with the same entire flow net. Also, although concrete dams are 
built with different cross section than earth dams, the same principle applies, 
will demonstrated another approach. 

required pass from the general principle buoyancy completely 
submerged structure, structure the section earth dam, that 
concrete gravity dam submerged only one side. Consider, initially, 
ideal triangular gravity dam without artificial natural internal drainage, 
seams, open cracks, pour planes, bedding planes, and monolith other con- 
struction joints—in other words, ideally perfect, homogeneous structure 
except for porosity. 

Concerning these conditions, Professor Terzaghi 


“If the dam consists well-prepared concrete, the quantity water 
percolates through the body the dam towards the downstream 
face equal the quantity water which evaporates along the face. 
Therefore, the downstream face will appear Nevertheless, there 
will continuous though imperceptible flow seepage water from the 
reservoir toward the downstream face.” 


The late Wiley, ASCE, has stated 


Experience with High Dams,” Wiley, ‘‘High Dams: Symposium,” Transactions, 
ASCE, Vol. 95, 1931, 134. 
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“It the writer’s observation that every void seam masonry 
dam filled with water under pressure. This was shown the water 
which seeped out the body the St. Francis dam [California for weeks 


after the failure. This seepage was apparently from the body the con- 
crete and was not confined joints seams.” 


scarcely questioned that any pores near the back, water surface, 
dam will under water pressure essentially corresponding their depth 
below water surface. The simplest and most plausible assumption pore 
pressure farther removed from the reservoir would that seepage through 
the dam follows along lines substantially shown Fig. 9(a), and that pres- 


RELATIONS CONCRETE AND RECTANGULAR WALL 
(as EXPLAINED TEXT) 


sure reduces, from reservoir pressure the back zero the face, uni- 
form rate shown the triangular pressure diagram ABC (Fig. like- 
wise, lower depth the reservoir,-as the pressure triangle will 


DEF.. the dam considered triangular, then these two pressure diagrams 
will geometrically similar, and ABC superimposed DEF, tri- 


angle DB’C’, then B’C’ will parallel toline EF. The differential internal 


pressure between sections and thus constant (except from 
throughout the section, although the actual pressure reduces from maximum 
zero. Since these sections would normally separated only pore spac- 
ings, the distance B’E becomes negligible. Since buoyancy depends only 
maintaining constant differential pressure with increasing depth equivalent 
that open water, and not upon actual pressure, may concluded that 
buoyancy would fully effective, Fig. 9(b), from back face dam, since 
each elementary vertical cylinder between pores would buoyant. 

This can also demonstrated mathematically. any depth, the pore 
pressure represented the triangle ABC the ratio base 
width height and the unit weight water, then bh, 


and the differential uplift the elementary strip between lines 
C’B’ and would: 


and the total pore pressure uplift would 


0 


Py 
— 
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—which the weight water equivalent the volume the dam, its 
displacement, thus indicating full buoyancy. 

Consideration the rectangular dam wall Fig. 9(d), width and 
height shows that the differential increment pore pressure head, 
instead strip uniform width will triangle C’EF (Fig. 9(d)), whose 


area 


The total uplift the wall will 


—which equal one half the displacement. 

The same reasoning applied Figs. and would seem apply 
the pressure through the dam reduces along curved lines, Fig. 9(c), 
provided that the reduction pressure adjacent elevations follows similar 
curve. Thus, the usual attempt obtain relatively impervious back sur- 
face were prove partially successful (by the use richer concrete, copper 
water stops, cutoff walls, natural filter skin, grouting heel, and even drainage 
wells intervals), the result would probably that pressure gradients 
and (Fig. would curved, and somewhat convex upward near the 
back the dam, instead straight. Nevertheless, all lines pressure from 
back face dam are nearly similar shape, the differential would still 
approximately constant and the material therefore approximately buoyant. 
exception should made for the case drainage the heel 
only one level, the foundation contact, causing upwardly convex pressure 
lines there and not higher levels. This dam would not homogeneous, 
however. Reverting the analogy with earth dam shows that the latter 
all material below the line considered buoyant state 
and yet the flow converging toward the toe Fig. 2(d). differences 
hydraulic hydrostatic principles exist. 

Thus, from every point view, one forced conclude that ideal 
homogeneous triangular dam, fully saturated, with water only one side, 
where seepage can escape only from the downstream face, full buoyancy would 
theoretically exist the case completely submerged body concrete. 
Full buoyancy equivalent triangular uplift diagram with full water 
pressure the back and zero the face acting over any entire horizontal area. 

possible that the natural and artificial expedients discussed later 
may modify the magnitude the uplift forces, but conditions whatever 
can modify the application these forces the entire gross area the hori- 
zontal section the dam, instead the one-half the two-thirds propor- 
tion the area usually assumed. 

The conception uplift, herein set forth, thus based entirely pore 
pressure and therefore, contrary also prevailing opinion, applicable 
any one horizontal section another, instead being confined pour joints, 
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base contact with rock, other horizontal planes greater permeability 
weakness. The relative permeability such joints could increase the volume 
leakage, but not increase the total uplift pressure, which would already apply 


over 100% the area because pores alone, and would have triangular 


distribution from full headwater the back zero the face. triangular 
dam would, moreover, weak any elevation above the base the base, 
whereas efforts reduce uplift are usually confined the base. Failure would 
occur pour joint base contact, not because greater uplift, but because 
greater weakness. 

the conception completely saturated and therefore buoyant dam 
dismissed for the moment favor the old conception water entering only 
along the pour joints and base contact, there still complete uplift over 100% 
effective area if, instead the actual pour joint, the rough surface through the 
nearest full projected area pores visualized. This surface would depart 
from the actual pour joint amount measured terms only few 
hundredths inch most, and therefore would under the same pressure 
the joint. Internal buoyancy not, therefore, essential basis the 
conception uplift over 100% area. The previously quoted observations 
Mr. Wiley the wrecked St. Francis Dam indicate that pore pressure not 
confined the joints. 

uplift full reservoir pressure the back reducing zero the face 
were effective over the entire horizontal section dam, would imply 
degree safety against sliding and shearing less than that now believed 
exist, and also that the resultant line pressure outside the middle third 
the base many existing dams. keep the resultant within the middle 
third with fully buoyant concrete would require base width 0.831 for 
12% voids and 0.846 for 15% voids. The question was raised the late 
ASCE, and others how reconcile uplift the range 
from 95% 100% view the continued stability many dams, some 
whose base widths are even less than 0.7 The following discussion 
offered explanation. 

Modern methods construction massive dams involve seasoning 
sprinkling flooding each lift continuously until the succeeding lift placed, 
and continuous wetting the entire structure for considerable period 
after construction. This should insure high percentage saturation 
dam when goes into service. Despite these precautions there will air 
voids, and the upstream side back the dam may have dried out depth 
few feet between completion seasoning and submergence the reservoir. 
Static conditions, which form the basis the assumption herein, cannot 
reached until enough time has elapsed resaturate the back the dried out 
depth, and until sufficient additional water has entered the voids the struc- 
ture occupy the volume resulting from compression the existing pore 
water, and solutions compression the contained air the higher ultimate 
pressure. 


Straight Concrete Gravity Dams,” Henny, Transactions, ASCE, Vol. 99, 1934, 
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storage dams subject wide fluctuation water surface, sufficient time 
may not elapse during period full reservoir accumulate pore pressure 
throughout the section, shown Fig. 9(b). fact, very large dams 
may require many years achieve full saturation. such cases, only the 
concrete below usual water level would seem fully buoyant, and that 
above usual water level, only 
partially so. However, must 
remembered that only one 
horizon pores sufficient 
form full projected area need 
under pressure, Fig. 
9(b), make the entire struc- 
ture above that elevation buoy- 
ant. The pores the base 
the dam, always below water 
nearly full pressure, may more 
rapidly assume full pressure 
the reservoir fills. Especially may imperfect horizontal pour joint more 
quickly develop full triangular pressure from back face, thus causing nearly 
full buoyancy result each filling the reservoir. 

Since the conception uplift over 100% horizontal area presupposes 
rough surface comprising complete horizontal projected area pores; and, 
since these pores are staggered elevation, solid material must fractured 
between pores the body the concrete encompass them. All horizontal 
pour joints also develop considerable cohesive bond strength and all contacts 
with rock foundation likewise develop considerable adhesion bond. Both 
are ignored conventional analysis, although they contribute substantially 
toward safety. The fact that any fracture surface has strength does not dis- 
prove the existence buoyancy above that surface. 

Vertical joints (such shrinkage cracks, construction joints, and monolith 
joints) often, not usually, serve drains reduce internal pressure shown 
Fig. 10, whereas full uplift requires that all seepage must reach the down- 
stream face before relief pressure. theoretical pressure probably 
seldom exists, except near the upstream surface measurements verify, and 
the theoretical merely mathematical limit possibility. Such drainage 
reduces the magnitude uplift pressures, but nothing can reduce the effective 
uplift area below 100% wherever pores are filled with water. lies the 
fallacy the usual assumption one-half two-thirds area for uplift, which 
the principal purpose this paper correct. 

This correction does not necessarily imply that existing dams are weaker 
than intended. After all, uplift the product magnitude area, and 
reduction either reduces the product like proportion. Tests such 
those Hiwassee Dam (Tennessee Valley Authority) indicate that the magni- 
tude uplift, this instance because drainage, even less than two thirds 
the previously stated assumption the level measurement, that the 
past error (made assuming two-thirds area instead full area) would seem 
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compensated this case realizing only two thirds less the designed 
magnitude. 

practice believed that uplift more effective any internal hori- 
zontal section than the foundation contact, good cutoff provided 
rock grouting the heel, because natural rock (perhaps excluding shale), 
with its numerous jointing planes, usually furnishes better natural drainage 
and consequent release internal pressure than does concrete. The usual 
expenditure all anti-uplift efforts for the prevention uplift only the 
foundation contact illogical. Curtain grouting foundation reduce seep- 
age valuable, but artificial drainage usually not necessary because 
naturally better drainage than the dam above it. Little gained elab- 
orate provisions toward making the foundation contact safer than the pour 
joints. 

Hydrostatic pressure conventionally assumed exerted against 
the upstream back dam. The reasoning presented herein has proved 
that exerted progressively throughout the route seepage. the hy- 
draulic gradient uniform, Fig. then the application the thrust 
uniformly distributed along the route seepage from back face. Ac- 
tually, the seepage, viewed three dimensions, will divert from straight line 
curves leading toward vertical shrinkage cracks, monolith joints, and any 
other drainage routes such those shown Fig. 10, which the seepage 
through monolith shown diverting largely the adjacent monolith joints 
instead all escaping the face. The thrust (and buoyancy well) will 
correspondingly complicated detail application, although the projection 


the thrust forces into the plane the dam section will total conven- 
tionally assumed. 

remotely conceivable that horizontal layers relatively very low 
permeability may exist within dam and that perched water table may 
result above such zones toward the face the dam, with drained volume im- 
mediately below. The condition internal buoyancy would thus modified 
destroyed near the face. 

Furthermore, dam will not necessarily fail because the computed line 
pressure outside the middle third and not, fact, until passes through the 
toe, close thereto, concentrate the load sufficiently the toe 
cause crushing. This ancient criterion for the purpose preventing tension 
the heel, which turn directed toward the prevention full uplift the 
heel. The conception indicates, however, that full uplift exists the heel 
any event. Thus for example, the worst situation which could assumed 
that the dam might the state balancing its toe, the verge 
tipping, with completely open seam from back face pour joints base, 
offering resistance entrance water, and admitting full static pressure 
without loss head through the entire joint under the entire base. This 
not practical problem because the extreme assumption, but considerable 
interest attaches this limiting case. the saturated concrete weight 153 
per ft, this would exist triangular dam with base width 
0.726 the saturated concrete weight 150 per ft, the same condition 
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would exist for base width 0.746 Very few dams have base widths 
much less than these figures. 

Moreover, Ross Riegel, ASCE, determined tests Hiwassee 
Dam" that the load therein tended concentrate heel and toe 
instead the conventional triangular distribution, probably because de- 
layed cooling the middle. This might indicate that little danger exists that 
compression would relieved the heel admit water, even for base width 

The foregoing indicates that most existing dams would safe against 
overturning under any reasonable assumption uplift buoyancy even 
though the resultant might not within the middle third, provided the unit 
load the toe can safely carried the concrete and the foundation. The 
existence dams with 
base width equal 0.7 
would not seem 
disprove the existence 
full uplift area. 

The round-head but- 
tress dam shown Fig. 
false principle design 
caused ignoring pore 
pressure. 
cated the theory that, 
because all lines pres- 
sure are normal the 
cylindrical surface and 
therefore converge the 
buttress, they will pro- 

the wings about the 

point support the buttress, and tension can exist the concrete and 

steel required. This theory false; first, from the fact that pressure 

not all applied the surface, but progressively along the lines seepage, and, 
secondly, because the wedging action pore pressure. 

The lines seepage and therefore the lines pressure follow the shortest 
path, illustrated the flow net. None pass through the point support 
and all produce bending moment the wings, thus creating tension the 
curved face the buttress head. The wings are, fact, cantilever beams 

subjected considerable bending moment from this cause. 
much greater importance the effect pore pressure causing wedge 
effect analogous that Thus, Fig. 11, from pre- 
viously discussed principles, the maximum wedge effect acting produce 
bending moment the buttress wing would full static pressure, the 
curved face the buttress head, reducing zero along the line seepage 


Structures the Tennessee Valley Authority: Symposium,” Transactions, ASCE, Vol. 111, 1946, 1169. 
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(triangle ABC), and acting over the full sectional area the concrete. From 
this relation the bending moment about along section for unit height 


would 


addition these forces, the weight the wing would introduce some 
bending moment the buttress head sloped, usually is. Moreover, 
case shrinkage cracks general direction parallel the axis the cylin- 
drical surface, the resisting strength such section could greatly 
reduced. There would great tendency form stich cracks, because 
more rapid external cooling, unless cooling coils were provided the interior 
the buttress head; fact, such cracks have been known form. 

The round-head buttress dam thus predicated upon entirely false con- 
ception that would only apply the cylindrical surface were covered with 
impervious metal surface. This type dam can only safe the ad- 
jacent buttress heads make intimate contact, that each one supports its 
neighbor against any spreading, which would need occur the bending 
moment the wings were cause local failure. 


The following principles have been discussed clearly inferred 
herein: 


Uplift divides itself into two factors—magnitude, and area application. 
reduction either factor reduces the product like-proportion. Present 
practice assumes full magnitude over reduced area whereas this should 
reversed. The uplift area always 100% and only the magnitude subject 
possible reduction. 

Any submerged porous body, including concrete, state internal 
buoyancy equal its volumetric displacement. This buoyancy results from 
pore pressure alone, regardless the intimacy the bottom contact. 

homogeneous concrete dam with water pressure only one side, 
without cracks joints, perfect except the necessarily porous nature 
concrete, and which all seepage must therefore reach the face escape, 
equally buoyant below the line saturation. 

Contact with the bottom, such intimacy exclude uplift over all 
part the bottom area concrete structure, impossible any natural 
foundation such earth, sand, rock, all which are porous jointed. 
Such exclusion uplift doubtful any foundation, but could only occur, 
all, nonporous foundation such metal rubber, and would not 
affect internal buoyancy, but merely would add unbalanced downward 
pressure the lowest pores. 

The maximum magnitude uplift ideal, homogeneous, and per- 
fectly constructed triangular dam, from which seepage can escape only. from 
the downstream face, equal full reservoir pressure the back, water 


side, reducing zero (or tailwater) the face exerted over 100% horizontal 
area any horizontal plane. 
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Mitigating that account for past satisfactory performance 
existing dams are: 


(a) The partial relief magnitude (not area) internal pressure 
natural drainage through vertical shrinkage cracks, vertical con- 
struction joints, and monolith joints; 

(b) The cohesive strength and necessity fracturing solid material 
cause failure, even pour joint foundation contact; 

(c) The time required saturate large dam, even with constantly full 
reservoir 

(d) The usual reservoir level fluctuation, which reduces the time when the 
reservoir full; and 

(e) The fact that location the line the resultant outside the middle 
third the base not indicative failure, but only higher toe 
load. 


Natural drainage through horizontal joints, such imperfect contact 
horizontal pour joints, does not mitigate uplift but conversely expedites the 
development internal uplift much shorter time than dependent only 
seepage through the pores the body the concrete. 

The reasoning herein proves that the water pressure against dam not 
exerted solely against the back but progressively along the route seepage. 
Each decrement internal pore pressure represents hydrostatic pressure trans- 
ferred seepage forces into thrust against the internal concrete particles. 

that uplift assumed act always over 100% 
the horizontal area, and such magnitude distribution indicated tests 
similar existing dams. 

10. Efforts relieve uplift magnitude drainage, important all, 
are important any elevation the foundation contact, fact more 
because the usual joint planes and consequent better natural drainage the 
foundation rock than the concrete itself higher elevation. 

11. The value and success drainage are questionable. Drainage shortens 
the path of, and thus encourages seepage through the concrete and rock. 
Cement and even rock are altered and weakened seepage, and consideration 
should given without drainage, thus maintaining long 
seepage path possible. 
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PAPERS 


ELASTIC FOUNDATIONS ANALYZED THE 
METHOD REDUNDANT REACTIONS 


simplified method presented for the general problem beam 
elastic foundation. The method consists representing the pressure the 
elastic foundation series redundant reactions and setting system 
simultaneous equations terms the ordinates the pressure diagram 
and the elastic constants the beam and the foundation. 

Applications the method various structures are presented, with par- 
ticular reference foundation slabs, pavements highways and landing 
strips, piles and sheet piling, and floating dry docks and pontoon bridges. 
The equations are tabulated and their use explained numerical examples 
and solutions typical problems. 


INTRODUCTION 


The problem beam supported continuous elastic foundation re- 
ceived the early attention investigators. its simplest form, the problem 
that beam infinite length, supported homogeneous elastic body 
infinite depth, elastic ‘‘semispace,” capable developing tension well 
compression—that is, exerting either pull pressure the beam when the 
latter loaded. For such beam, loaded any finite system loads and 
moments, comparatively easy solution the theory elasticity possible 
the following two assumptions are made: 


(1) The foundation (or soil) elastic, that is, its settlement any point 
proportional the pressure the point. 

(2) The foundation modulus tension equal that compression. 
The modulus the foundation the elastic settlement resulting from unit 
pressure, the elastic uplift that results from unit tension. 


comments are invited for immediate publication; insure publication the last dis- 
cussion should submitted May 1948 
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example such problem, the pressure distribution under continu- 
ous railway tracks subjected concentrated wheel loads has been readily 
solved the exact methods analysis, using differential equations. How- 
ever, when beam finite length considered, the aforementioned methods 
result such complex mathematical expressions and laborious procedures 
solution make them inaccessible impractical for many engineers and 
designers. many cases engineering design practice, solution—at least 


(a) PRESSURE DIAGRAM 


approximate one—is desirable for pressure distributions foundation 
definite dimensions, which could treated beam one-way slab, sup- 
ported soil group closely spaced piles, acting continuous elastic 
foundation. Typical this class problems are bottoms reservoirs, dry 
docks, locks, and pavement slabs highways and landing strips. Another 
problem similar nature that piles sheet piling subjected horizontal 
loads. 

the writer’s purpose present method solution which has used 
for number years and which believed readily workable and accessible 
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the practical engineer. The method essentially that redundant re- 
actions. 


APPROXIMATE SOLUTION 


continuous elastic foundation. The symbols, Wi, Ws, Wa, are any 
concentrated distributed loads and ..., any moments 
acting the beam. The unknown pressure distribution the foundation 
represented curve such whose ordinates any point are propor- 
the pressure and also the deflection (settlement uplift) the 
point. 

the span length divided into three equal panels, the entire pressure 
curve may approximated straight segments with ordinates 
and the ends and and the third points and the area the approxi- 
mate diagram may divided into the triangles numbered Fig. 
The beam may regarded simple beam, supported the ends 
unit areas with pressure intensities and which act elastic yielding sup- 

ports, and the loading the beam will consist the loads and the moments 
together with the six triangular loads the foundation pressure. The 
following convention signs will used: External loads are positive when 
acting downward. Moments are positive when acting clockwise, shown. 
Foundation compression (acting upward the beam) positive. Downward 
settlements deflections are positive. 

Referring the deflection diagram Fig. 1(b), the total deflection 
settlement resulting from unit pressure (or uplift resulting from unit pull). 
This total deflection made three parts, and 


Settlement represents the yielding the end supports the beam, 
the beam were rigid: 


Yor = = See 


Simple beam bending deflection, (Fig. results from loads 
and moments This deflection may obtained for any given loading 
well-known formulas, integration, the moment-area method. 

The deflection represents the effect the six triangular foundation 
pressure loads Fig. 1(a). can shown (by the moment-area method) 
that the deflection point due triangular load equal 


one third the span, covered the triangular load; and the altitude 
the triangular load. the same method—the deflection point due 
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253 

242 

148 

and 


Adding Eqs. the simple beam deflection point due the entire founda- 
tion pressure 


With due regard signs, the equation deflections for point can 
written 


429 


simplify typography, let 

(5) 

Similarly, equating deflections for point 


Since there are four unknowns, two more equations are necessary. These 
may obtained from statics. Taking moments about point Fig. 1(a), 
which the center gravity triangle 
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and taking moments about point the center gravity triangle 


a? 


which and are the moments all external loads about points 
and respectively, together with the applied moments 

From these four simultaneous equations, the four unknown unit pressures 
may obtained. The solution presupposes knowledge the foundation 
modulus. many instances fair idea the foundation modulus may 
obtained from soil tests pile loading tests. other cases, some critical 
safe value for the modulus may selected and the solution based that 
value. Having once computed the constants Mr, and Mz, the co- 
efficients may easily adjusted for any value determined the 
given assumed value The solution may repeated for several values 
thus permitting the study the behavior the structure foundations 
with different compressibilities. 

the case symmetrical loading, the solution simplified. Since 


and ps, Eqs. are reduced the following two simultaneous 
equations: 


and 


(a) THREE PANELS 


FIVE PANELS 


LOADING 


applied symmetrically the beam, shown.in Fig. 2(a), and, simplify 
typography, 


1200 EIk 


Example Loading; Three-Panel re- 


inforced concrete slab shown Fig. supported soil compressibility 
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loads and and the moment are per foot width slab; (for con- 
crete) 3,000,000 per in. 432,000 kips per ft; 


Kips per 


LOADING; THREE-PANEL SOLUTION 


Similarly, evaluate total value for point (Fig. 3): 


=15! 
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| . 


and 0.0278. Adding the weight the reinforced concrete slab 


uniformly, the soil pressures, kips 
1.173; and 0.572. 


More 


obvious that closer approxima- 
tion the actual foundation pressure 


curve may obtained dividing the length the beam into larger num- 
ber panels and writing deflection equations for each the panel points. 


Thus, dividing span length into five equal panels, shown Fig. and 
writing the deflection equation for point 


The six equations necessary for the solution the six unknown pressure ordi- 
nates Ps, and are given Table for which one fifth 


79-N/5 450 780 870 605+N |116-4N/5| 600 


the span, and 


(11) 


For the symmetrical loading shown Fig. 2(b) these equations become simpli- 
fied those Table 
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Symmetrical Loading: Five-Panel shows the 
same slab shown Fig. loaded symmetrical loads and moments. 


133.33; and 


22! 
100 kips 100 kips 


W/AVIANY, 


a=12! a=12! a=12! a=12! a=12! 


Kips per 
4.530 


120 1,073,783 6,213.73. Substituting the foregoing values the 
equations Table 
Pit pet ps= 29.17 


The length the beam divided into ten panels shown Fig. 
The three-panel solution quite satisfactory for approximate and pre- 
liminary stress analysis, and the five-panel solution sufficiently accurate for 
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great variety elastic foundation problems such may encountered 
practice. Since the physical properties soil and pile foundations are never 
exactly determined, precision greater than that given the five-panel solu- 
tion seldom required. The accuracy the approximate methods illus- 


Fic. 
(a) Nonsymmetrical Loading 
(6) Symmetrical Loading 


trated Fig. which three-panel and five-panel solutions are compared 
with the rigorous, solution. 

The assumption involved this analysis that the foundation capable 
exerting pull the beam. Such the case with friction piles with value 
tension nearly equal that compressive loading. the beam rests 
soil that does not develop tension; and, the soil pressure diagram obtained 


TABLE PROBLEM; SYMMETRICAL LOADING 


Absolute 
term 


this analysis indicates part compression and part tension, the solution must 
modified applying the beam loading equal and opposite the indi- 
cated soil tension. The effect this loading will change the compressive 
adding this effect the corrected reaction diagram may ob- 
tained. 

also must borne mind that the basic assumption, other elastic 
theory methods, that the settlement point proportional the pressure 
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Line 
No. 
pe Ps pe Ps 
561-9 5,520 6,930 7,500 7,350 
952-8 5,520 10,090 13,020 14,280 14,100 
1,183-7 6,930 13,020 19,620 19,650 
7,500 14,280 19,620 23,400 
7,350 14,100 19,650 23,400 
1,116-4 6,600 12,720 17,880 21,600 23,400 
907 5,370 10,380 14,670 17,880 19,650 
638 3,780 7,320 10,380 12,720 14,100 
1,950 3,780 5,370 6,600 7,350 


the point. Accordingly, under uniformly distributed load the foundation 
pressure assumed also uniform. This condition not always realized 
soil foundations, their behavior being determined number factors 
soil mechanics. The effective value near the center the beam often 
greater than its ends. This evidenced concavity foundation slabs 
under uniform loading. 


100 kips 


LEGEND 


Symbol Solution 
Rigorous method 

Three panels 

—-— Five 


oundation Pressure, Kips per 


Variations along the beam can incorporated the foregoing systems 
equations manner similar that discussed for vertical piles subjected 
horizontal loading. 


AND SHEET PILING 


The method redundant reactions can applied the case pile 
embedded the soil and subjected horizontal loading. The pile can 
replaced equivalent vertical beam length equal the embedment and 
with shear and moment acting the surface the soil. 
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CIENTS 


Absolute Line 
term No. 
pr ps pe P10 Pu 

12,720 10,380 7,320 3,780 1,200 
17,880 14,670 10,380 5,370 1,200 
21,600 17,880 12,720 6,600 1,200 
23,400 19,650 14,100 7,350 1,200 
22,810+N 19,620 14,280 7,500 1,200 
19,620 17,440+N 13,020 6,930 1,200 
14,280 13,020 10,090 5,520 1,200 


Equations for three-panel and five-panel solutions (see Fig. are given 
Tables and respectively. The important consideration this case 
that taken vary with the depth, and for each panel point its 
value and the corresponding value addition, the absolute terms 
the equations, this case, are expressed terms and represent 
the deflections Yon the panel points. 


Pile Sheet Piling Equivalent Beam 


Pile Sheet Piling Equivalent Beam 
(a) THREE PANELS FIVE PANELS 


For convention signs, the right side the pile assumed correspond 
with the bottom side the horizontal beam discussed preceding sections. 


FLOATING STRUCTURES 


naval architecture, the longitudinal bending moments ships and other 
vessels are generally computed from the buoyancy distribu- 
tion for different conditions trim the vessel. The assumption generally 
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made that the trimmed ship remains straight and rigid. Variations 
draft resulting from the ship’s flexibility are disregarded. 

some structures, such derrick barges, floating dry docks and certain 
types pontoon bridges, the flexibility the structure such affect, 
greatly, the drafts and the buoyancy forces along the deflected structure. 


Absolute 
No. term 

TABLE PILE VERTICAL SHEET PILING; 
Line Absolute 
term 
Pi P2 Ps Ps Ps Pe 


such cases more accurate analysis can made regarding the vessel (or 
unit width vessel) beam floating elastic foundation, and the method 
redundant reactions described herein can used advantage. should 
realized that water supporting the vessel behaves like elastic foundation, 
since the increments pressure are proportional the settlements (that is, 
the increments draft). For fresh water weighing 62.5 per ft, the modu- 
lus 1/62.5 0.016 per lb. For sea water 1/64 0.0156 
The value course, constant for all depths. 

taking strip unit width and dividing the length the vessel into 
three five equal panels, solution can obtained for deflections and bend- 
ing moments the vessel. 


The difficulties generally met problems involving elastic foundations are 
due two main causes: (1) The uncertainty the physical properties 
the foundation material, and (2) the complexity the mathematical analysis. 
Although the former difficulty overcome the development theory and 
the technique testing the materials, the second difficulty can overcome 
simplified method analysis. 
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The advantages the proposed method are amply demonstrated the 
simple and straightforward solutions obtained the illustrative examples. 
Once computed and tabulated, the coefficients the general equations given 
this paper form framework into which the data various problems can 
inserted. The remaining work simply routine solution simultaneous 
equations, with various degrees accuracy, the case may require. 
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DISCUSSIONS 


UNDERGROUND CONDUITS—AN APPRAISAL 


MODERN RESEARCH 


Discussion 


WILSON BINGER, AND JACOB FELD 


Assoc. ASCE.—Verification the Marston theory 
loads underground conduits given Professor Spangler for heights fill 
data, with which familiar, for heights-up ft. 

Relocation section the Panama Railroad during the Panama Canal 
Third Project involved construction reinforced concrete box culvert 
under fill approximately high. This culvert, built early 1942, was 
wide, in. high, and approximately 240 was founded partly 
weathered rock; and, where soft organic clay unsuitable foundation had 
residual clay. cells two different types were installed this 
culvert during its construction order determine the relative efficiency 
each. This work was carried out first step determining the proper type 
device for use measuring the earth pressures against the structures the 
Third Locks Project. 

Two types pressure-measuring devices were used. The first, three 
which were installed, was the friction type developed Professor 
Huntington, ASCE, whereas the second, two which were installed, was 
the stress-meter type developed Professor Roy Carlson, Assoc. ASCE. 
All cells were calibrated the laboratory before installation the culvert- 
One friction cell and one stress-meter cell were mounted the wall the 
culvert order measure side pressures; the results these measurements 
are not within the scope this discussion. The other two friction cells and 
one stress-meter cell were installed the roof the culvert under the center 
the fill. After completion the culvert, 2-ft layer red-brown clay 
common the region was hand placed over the cells and compacted with 


paper Spangler was published June, 1947, Proceedings. 
Chf., Soils and Geology Branch, Missouri River Div., Corps Engrs., Omaha, Nebr. 
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wooden The rest the fill, principally fine-grained sandstone, 
was then placed and compacted 2-ft layers the normal traffic three 
12-cu scrapers and 12-ton bulldozer. 


Height Fill Above Top Culvert, Feet 


Pressure From Stress Meter Cell 
Pressure From Friction Cell 


Pressure, Pounds Per 


AND FOR CoNDITION 


Readings were taken all cells once day until the fill had reached its 
maximum height and the readings had become fairly constant. Above fill 
height 28.6 ft, the load the friction cells exceeded the capacity the 
spring balance used determine the pressure. With the aid larger pulley 
increase the torque applied the cell, readings were continued but did not 
prove consistent. determine the weight the fill which was placed over 
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the culvert, density samples were taken for each 2-ft layer construction 
would permit. From these tests the average density each layer was obtained 
and the pressure the fill directly over the culvert determined. 

Fig. shows the pressure the culvert plotted against the height the 
fill, graph similar Fig. Computed pressures were determined for the 
projection condition” Eqs. 6a, and 10, with the following 


ASCE.—The casual reader this paper might reach the 
conclusion that the problem underground conduits was studied solely the 
Iowa State College Experimental Ames. The writer does not desire, 
any way, reduce the credit for the attack this problem, 
which was initiated 1910 Anson Marston, Hon. ASCE, which was 
aided from the early 1920’s Schlick, ASCE, and which has been 
continued since 1926 the author. This paper authoritative summary 
consistent practical results obtained from program research one prob- 
lem under continuity direction. 

However, reference should made similar work performed during the 
same period. From 1923 1928, for instance, the experimental work con- 
ducted the University North Carolina Chapel Hill consisted full- 
size load measurements, together with the Goldbeck cell readings culvert 
pipe various materials (including pipe filled with concrete), which were under 
50% projection and full projuction 1923, William Cain sent 
copies notes the theoretical determination vertical pressures (and, 


later, notes stresses and deflections pipe culverts) several fellow 


the field soil mechanics. modified form, these notes were attached 
the experimental report Appendix and Appendix II.** Mention should 
also made George Fowler’s test the load-carrying capacity of, and 
expected loads on, corrugated iron culvert pipe. 

From practical standpoint, construction methods have changed radi- 
cally from 1910 (or even 1923) 1947 that many the problems have become 
purely academic. cite few examples: Pipe trenches are seldom dug 
hand, and back-hoe trenchers are used for depths great all types 
soil. Trenches can provided with substantially vertical sides and with 
fairly uniform widths, thus eliminating the benched hand-dug deep trench 
greater widths the surface, the ragged clamshell excavation indefinite 
width and shape. The ditch type, shown Fig. 1(a), can provided economi- 
cally widths from in. in., with the added correction that the ditch 
can backfilled better than relatively loose one airport 
project, the clay fill area, the backfilling the drainage trenches was well 
done that they became relatively hard lines the subgrade and showed 
prominently during the final subbase rolling. 


Cons. Engr., New York, 


Pressure Experiments Culvert Pipe,” Braune, William Cain, and Janda, 
Public Roads, November, 1929, pp. 


pp. 165-176. 
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regard the projecting type conduit (Fig. the use heavy 
equipment place and compact fills with the probability damage and dis- 
placement pipe laid the natural ground makes much more economical 
place the fills first, and trench through them for the drainage lines after- 
ward. This type installation is.rapidly disappearing from the scene. 

modification of. bedding shown Fig. 13(c) becoming 
common practice because the reduction scarce hand labor. Excavation 
made the depths required for concrete cradle, allowing some in. below 
the pipe. The trench bottom then lined with layer sand other granular 
material, into which the pipe bedded. The sand and the backfill required 
cover the pipe least (or depth equal the pipe diameter) 
are tamped with special care. The load factor such bedding should close 
2.0, which strength value can obtained without the experienced labor 
necessary shape the ditch bottom, and without bringing different labor 
trades form and concrete cradle base. 

For combining the authoritative data covering all cases design for under- 
ground conduits, the author deserves the thanks the profession, which will 
look this paper the standard reference drainage and piping installed be- 
low ground levels open excavation methods. 
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DISCUSSIONS 


FORECASTING PRODUCTIVITY 
IRRIGABLE LANDS 


Discussion 


PARSHALL 


said depend largely the nature the three other elements 
are essential, such moisture, food, and temperature. From the standpoint 
forecasting productivity yield from the land, necessary have 
mind the crop grown. Some soils, covering rather large areas; 
are such nature possess the essential food elements. They are 
capable utilizing irrigation water efficiently and economically, and are located 
geographically give sufficiently long growing season permit the 
various crops mature. ‘This is, more less, ideal condition, and many 
such areas exist throughout the irrigated west. There are limited areas where 
food, moisture, and temperature are favorable but where the soil not suitable 
for general crops, regardless how economically adaptable the growing 
special crops (such fruit, trees, shrubs). 

The title this paper, Productivity Irrigable Lands” seems 
infer that the problem involved determine the economic return through 
agricultural crops grown lands not yet developed. quite obvious 
that, arrive approximation, many factors are considered. Since 
none these factors are definitely fixed, when they are brought together the 
final analysis the conclusion can only generally stated. The ultimate aim 
the idea productivity that approaching maximum yield crop; and 
from the standpoint irrigation might inferred that more water means 
more crop. 

Under favorable soil conditions, food and temperature tend bear out this 
contention for certain crops, but generally this not true. Since productivity 
implies plant growth and development, known that the ordinary field 


paper the late Muldrow was published February, 1947, Proceedings. Dis- 
this paper has appeared Proceedings, follows: May, 1947, Arthur Johnson, 


and Will Noble; June, 1947, Charles Kirby Fox; October, 1947, Lewis; and 
November, 1947, Harry Blaney. 


Senior Irrig. Engr., Bureau Agri. Eng., Dept. Agriculture, Colorado Agri. Experiment 
Station, Fort Collins, Colo. 
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crops have conservation characteristics far soil moisture concerned. 
long moisture present the physiological development the plant pro- 
ceeds and, promote yield, water irrigation must applied 
prevent the growth from suffering dormant stage setback development. 
High temperatures augument this condition. The water supply available for 
application timely critical use vastly more important than would 
the factor temperatures the evaluation forecasting productivity 


irrigable lands. 
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DISCUSSIONS 


STABILITY THIN CYLINDRICAL SHELLS 
‘TORSION 


Discussion 


DONNELL 


welcome addition the already considerable 
literature the subject has been made this paper. Like previous solutions 
this problem, those cited the paper are based approximations, but 
these approximations are different from those used previous solutions. 
reassuring, field which exact solution has been obtained, that this 
solution, the region which has been applied, never differs more than 
13% 14% from previous solutions. 

Unfortunately, the paper may misleading number respects 
those not familiar with the subject. For instance, unlike some other treat- 
that cover all possible proportions, the author’s treatment covers only 
the range proportions which might described long”’ 
cylinders. This point not even discussed; thus readers are not warned 
against applying the results very short very long cylinders, where they 
may quite inaccurate and the unsafe side. 

Moreover, the treatment boundary conditions certainly confusing and 
incomplete. These conditions, for the simply supported cylinder, are stated 


(under the heading, ‘‘Adaptation General Theory Buckling Problem 
as: 


“The choice the center coordinates midway between the ends 
the cylinder tube and the point maximum displacement around the 


shell leads the boundary condition that when and 0.” 


paper Sturm was published April, Proceedings. Discussion this 
paper has appeared Proceedings, follows: October, 1947, Batdorf and Manuel Stein; and 
November, 1947, Glenn Murphy. 


Research Prof. Mechanics and Director, Fundamental Mechanics Research Laboratory, Illinois 
Inst. Tech., Chicago, 


Thin-Walled Tubes Under Torsion,” Donnell, Technical Report No. 479, Na- 
tional Advisory Committee for Aeronautics, Washington, C., 1933. 
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The complete boundary conditions for this case, given the writer® 
1933 and quoted are the symbols the paper): 
these conditions and are not very important, but the third and 
fourth are both essential. The fourth condition states that the edge moments 
are zero; that is, that the edges are freely hinged. Without this condition the 
boundary conditions would indeterminate, and might cover infinite 
variety conditions, including the case fixed edges even case moments 
opposite those present when the edges are fixed. 

The solution given this paper for simply supported edges does not satisfy 
any these conditions except the third. The treatment the fixed edge 
condition this paper even more confusing, but apparently still further 
approximation, based the solution for simply supported edges. the 
other hand, the writer’s paper® the boundary conditions for both cases were 
completely satisfied except for the very unimportant condition, How- 
ever, other approximations were made, the form omitting certain minor 
terms which are considered the present author. 

discussing the writer’s paper® the the author cites its 
approximations and its differences between theory and experiments the chief 

justifications for his own paper. 
the other hand, the approxi- 
mations the new solution are 
not even mentioned, and its agree- 


ment with experiments de- 
scribed ‘‘quite satisfactory.” 

. . 
The reader left with the im- 
test results pression that the new theory 

F 
eliminates the approximations 
Simply supported edges 1947 the old and good agreement 
0.1 

With experiments, whereas the old 
Values theory was not. However, 
evidence given support such 


implications, even for the range 
which the new theory applies. comparison made between the two 
theories between their experimental checks. 

Fig. the full lines show the results from the 1933 for the ‘‘moder- 
ately range. For simplicity, only the most interesting part this range 
shown and Poisson’s ratio taken When the theoretical values are 
plotted with the variables shown, single curve obtained which covers all 
materials and proportions this range for each edge such 
curve gives all the information offered family curves such that shown 
two formulas,” might inferred from the author’s “Introduction.” 
sure, such curve covers only the moderately long range, and different formulas 
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curves are needed both for very short cylinders—where the conditions ap- 
proach those found Southwell and 1924, for flat strips 
under shear—and for very long cylinders—where the number circumferential 
waves may become one and the conditions are found Greenhill? 
1883. However, such cannot satisfactorily avoided 
simply ignoring the phenomena that occur such ranges dimensions, the 
author has done. 

Charts such Fig. are easy use for numerical computation. When the 
computer knows the specifications the cylinder can compute the ordinate 
and select the abscissa from the curve; the value the buckling stress, 
then readily calculated from this value reference the specifications. Such 
calculations are more difficult than for the family curves given the 
author, and the difficulty interpolating between, extrapolating beyond, 
this family curves avoided. the writer’s the effects variations 
Poisson’s ratio (which may considerable but which are neglected 
Professor Sturm’s paper) are also considered. 

The method plotting Fig. convenient for comparing two theories 
and their relation experiments. the results given Fig. are plotted 
Fig. they all fall, within 2%, the dotted curve (Fig. curve (c)). 
This means that the results experiments cannot “line up” better show 
appreciably less scatter when plotted Fig. than they when plotted against 


the single curves Fig. (However, method plotting which does show 


some promise reducing the scatter shown 

The maximum difference between the two theories this range about 
13% (no comparison can made for the extremes length-to-diameter ratios, 
since the new theory does not cover them and would show very large dis- 
crepancies extended). 

The question now arises which theory the most accurate this 
range. has been stated, the older theory satisfied edge conditions but had 
other simplifications, whereas the newer theory does not satisfy edge conditions 
and avoids these simplifications. would difficult not impossible 


state, without further evidence, which these approximations most im- 


portant the present case. sure, Professor Timoshenko, discussing 
this seems feel that edge conditions become unimportant for long 
tubes; but gives reasons evidence for this feeling. cases where the 
deformations consist many waves the direction the length, cylinders 
under axial load struts with elastic support, such conclusion certainly 
justifiable. the case torsion buckling, however, there only one wave 
the longitudinal direction. This spirals around the cylinder and longi- 
tudinal section may seem indicate number waves, but there actually 
only one continuous wave this direction. this respect therefore this case 
similar the case strut. For such strut, course, the buckling 
strengths for fixed and hinged ends always have ratio matter how 


Skan, Proceedings, Royal Soc. London, Series May 1924, 582-607. 
the When Exposed Both Torsion and End Thrust,” Greenhill, 
Proceedings, Inst. Mech. Engrs., London, 1883, 182 
tions Between Hinged and Fixed, Under Any Combination Compression 
and Shear,” Technical Note No. 918, National Advisory Committee for Aeronautics, 
Washington, C., 1943, Fig. 19. 
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great the length. the case tubes torsion where any fixity the wall 
rather than the entire end, there certainly not 400% effect; but there 
reason whatever for not expecting possible 13% effect due the end 
conditions. 

There only one real item evidence which indicates that end conditions 


2 
are unimportant, say the range that the writer’s 


gives practically the same result for the hinged end and fixed end conditions 
this range. However, this the only region which the Sturm theory gives 
value appreciably different from the old theory and perhaps not entirely 
logical reject one theory and choose another the sole evidence the theory 
which rejected. 

the experimental evidence, available test results reported 
both papers, the range where they differ appreciably, are shown Fig. 
assumed that the author’s theory would give approximately the same 
results this range for the fixed edge condition (all experiments have been 
for this condition) then first glance the evidence seems favor that theory. 
The Sturm curve seems pass through about the average the experiments, 
whereas the experiments all lie below the curve representing the writer’s theory. 
However, this actually evidence against the author’s theory and not favor 
it—paradoxical this may seem. should emphasized that all these 
theories are for specimens. Actual specimens always involve some 
imperfections, that, general, the buckling strengths determined good 
experiments are always below the strengths predicted good theory. 

comparing two approximate theories, the one that happens give the 
lower strengths will usually closer the median the experiments and 
will apparently the experiments better; but this does not mean that 
the better approximation. the contrary, when experimental points lie 
above theoretical curve for buckling ideal specimens indication that 
something wrong. approximation theory happens substantially 
balance the effect specimen imperfections, this may convenient; but 
would safer have better theory and use empirical other factor 
allow for the imperfections actual specimens. Both the theoretical and 
experimental evidence insufficient for deciding which the two theories 
the better this range. The principal conclusion drawn that both 
theories are evidently excellent approximations, which would seem the 
chief value the author’s solution. 

The author also discusses the effects imperfections actual cylinders. 
Although this approach interesting, seems much too approximate 
quantitatively significant, especially for studying the rather small effects 
that appear present. The discussion based the assumption that the 
ultimate strength just about reached when the maximum stresses reach the 
yield point the material. .This reasonable assumption, but calculating 
the maximum stress only the bending stresses are considered, whereas both ordi- 
nary and large deflection membrane stresses are probably the same greater 
importance. Also, the expression used for calculating the deflection under 
load probably not all accurate the large deflection range, and most such 
specimens are probably this range long before ultimate strength reached. 
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DISCUSSIONS 


ANALYSIS STEPPED-COLUMN MILL BENTS 


RALPH SPAULDING 


ASCE.—Any clear-cut rapid method deter- 
mining the stresses stepped-column mill bents interest the designing 
method; however, the writer differs with Mr. Ling his application Fig. 
this method. These differences involve: (1)Determination for 
and (2) point application the horizontal thrust from the bridge crane. 
(1) When analyzing any mem- 
ber discontinuous cross section 
bending (such stepped-back 
columns), must. recognized 
that the effective moment inertia 
does not change abruptly when the 
cross section changes, even 
the case symmetrical column, 
such the author’s column Fig. 
effective right the junction 
with the smaller 
There transition period be- 
tween the end the smaller cross 
section and some point farther 
along the larger cross section. 
Referring Figs. 16(a) and 16(b), when stepped-back members are sub- 
jected bending, photoelastic and strain gage tests reveal that adjacent 
the smaller part the member, the corners the wider part the member 


ffective 


aL 


are areas.” The effective cross section for approximately 


follows the dotted lines. Much time may saved computations using 


paper Daniel Ling was published October, 1947, Proceedings. 
Cons. Engr., Jacksonville, Fla. 
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only two moments inertia for the entire length the member (such the 
author’s values and but this without introducing undue inaccuracy, 
necessary make scientific guess the proper value the effective 
length always greater than the net length the smaller section; 
and, comparatively, much greater for the eccentric column (Fig. 16(a)) 


than for the concentric column (Fig. The for unit uniform 


load would shown Fig. 16(c) instead Fig. 3(c). This does not any 
way detract from the value the author’s curve sheets—as long the proper 
effective value distance used. 

(2) The effective point application the side thrust from bridge crane 
the level the top the Assuming that the height the crane 
beam and the crane rail Fig. ft, the applied load kips would 
from point instead ft. The for this case would in- 
dicated Fig. 16(d) rather than shown Fig. 3(d). 
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DISCUSSIONS 


DEVELOPMENT AND HYDRAULIC DESIGN, 
SAINT ANTHONY FALLS STILLING 
BASIN 


Discussion 


DOUMA, AND ROBERT EWALD 


Douma,® Assoc. ASCE.—Although the detailed data and rules 
presented are for the design stilling basins for small drop and spillway struc- 
tures (used principally the Soil Conservation Service the United States 
Department Agriculture its soil and water conservation program), much 
the author’s discussion and some results the Saint Anthony Falls (SAF) 
stilling basin tests are applicable large stilling basins for flood-control and 
multiple-purpose projects. 

this discussion the author’s data will compared model studies con- 
ducted 1939 the writer the hydraulic laboratory the Bureau 
Reclamation, United States Department the Interior. Hereinafter, these 
studies are called the USBR tests. The tests were conducted for the purpose 
developing the rectangular stilling basin referred the paper and described 
Jacob Warnock, ASCE Comparisons also will made with 
the current practice stilling basin design for flood-control and multiple- 
purpose projects. The USBR tests are reported unpublished memo- 
randum from the writer the chief designing engineer the Bureau Recla- 
mation the subject, Study Wickiup Dam Outlet Works, Deschutes 
Project, Oregon,” dated June 30, 1939. 

The author has chosen relate stilling basin dimensions the hydraulic 


2 
jump means the and dimensionless term, corresponding 
1 


the high-velocity flow the stilling basin entrance. the USBR studies, 
expressions were developed for stilling basin dimensions solely terms 
Others have expressed stilling basin dimensions terms either the height 

paper Fred Blaisdell was published Febi uary, 1947, Proceedings. Discussion 


this paper has appeared Proceedings, follows: September, 1947, Donald Blotcky, Culp, 
Paul Baumann, Peterka, and Louis Laushey. 


Hydr. Engr., Office, Chf. Engrs., Washington, 


umerals parentheses, thus: (4), refer corresponding items the Bibliography (see Appendix 
the and the end discussion this issue. 
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jump, 
(37) 


the ratio, 


Stevens, Past-President, ASCE, has pointed out (15c), there are only 
two independent characteristics the hydraulic jump—the initial depth, 
and the velocity, the stilling basin entrance. From them are derived 
the initial energy head, the final depth, the final velocity, and the final energy 
head, well the lost energy head, the empirical characteristic length 
jump, and the Froude number corresponding the initial depth and velocity. 


d2 


(b) USBR tests 
L=3d>2 


= 


100 120 140 160 


Values 


Values 


All forms the published formulas for stilling basin dimensions are func- 


tions the two independent characteristics the hydraulic jump; therefore, 
equally satisfactory criteria for the dimensions stilling basin could 
obtained use any one the forms, provided that appropriate constants 
were determined reflect the various stilling basin conditions and the desired 
degrees energy dissipation. For example, the variation stilling basin 
lengths, computed from published formulas, reflects the widely varying 


conditions. This results from the differences the profiles individual 


basins, the relation the provided tailwater depth the required 
momentum relations, and the ability the foundation withstand erosion 
downstream from the individual stilling basins. The nature the stilling 
basin, whether for normal emergency and whether isolated 
adjacent main structure, well the conception and judgment the 
designer, also has some bearing the final choice stilling basin dimensions. 
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Fig. 37, the author’s suggested curve for stilling basin length compared 
the design and model data available the writer, well the curve 
Bakhmeteff, Hon. ASCE, and Matzke, Assoc. ASCE, for 
the length hydraulic jump (15d). The criterion for stilling basin length, 


which was developed the USBR tests, also shown Fig. 
14, inclusive, are for stilling basins the flood-control and multiple-purpose 
dams listed Table 11. These stilling basins are the horizontal-apron type 


TABLE Data ror USBR Basins 


(ft) (ft) (ft) 

John Las Animas, Colo. 175 5.6 3.3 

Enid, Miss. 100 3.3 3.1 

Harlan County Republican City, Nebr. 163 7.1 3.2 

Tucumcari, Mex. 134 2.6 150 3.0 


with baffle blocks and end sills. All have been model tested for satisfactory 
operation under maximum design conditions. Those that have been con- 
structed prototype have operated fully satisfactory manner within the 
ranges experienced discharge. 

Although the definition the Froude number given Eq. frequently 
used the literature, the more convenient and usual form 


2. 
The term generally called the kinetic flow factor, However, because 
1 


appropriate dynamic characteristic the Froude type, may used 
parameter the dimensionless representation stilling basin length. 

The Bakhmeteff and Matzke curve for the length hydraulic jump based 
the formation the jump horizontal apron without baffle blocks 
end sill. This curve may used for determining stilling basin lengths for those 
high dams which baffle blocks are not used (because the possible destruc- 
tion the blocks cavitation), and which unfavorable downstream channel 
conditions make desirable include the entire length the jump the 
stilling basin. 

From Fig. 37, may concluded that for flood-control and multiple- 
purpose dams: (1) Baffle blocks and end sill reduce considerably the required 
length basin; (2) Eq. satisfactory criterion for stilling basin 
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length when baffle blocks and end sill are used; and (3) the SAF stilling basin 
curve indicates stilling basin lengths dangerously short for the usual case 
erodible downstream channel. 


The criterion, Eq. 39, confirmed Fig. which water-surface profiles 


show that the hydraulic jump completely contained horizontal stilling 
basin whose length approximately equal For shorter lengths, the 
crest the jump occurs beyond the end the stilling basin. Unless the still- 
ing basin located canyon composed good rock, maintenance costs 
provide protection against violent wave action (which occurs the crest’ 
the jump and for some distance downstream) may greatly exceed the addi- 
tional cost providing stilling basin adequate length. Since stilling 
basins for soil conversation structures are usually located erodible material, 
questionable whether the short stilling basins given the SAF curve 
would provide adequate protection for these structures. 

The USBR tests included test series similar those made for the SAF 
stilling basin determine the optimum size, spacing, and location chute 
blocks, baffle blocks, and end sill. general, the data obtained for the USBR 
tests are agreement with the data for the SAF tests. One important differ- 
ence, however, the location the baffle blocks; the USBR studies was 
concluded that the baffle blocks should located from the upstream end 
the stilling basin minimize cavitation possibilities. Tests the longer 
USBR basin did not indicate that locating the baffle blocks from the 
upstream end the basin would improve the basin performance, was the 
case for the shorter SAF basin. 

Design curves for stilling basin dimensions, based the USBR tests, are 
presented Fig. 38. more recent plans chute blocks have not been used 
when the cavitation range, which case two rows baffle blocks are 
frequently used obtain the desired energy dissipation. 

The 15% reduction obtain given Eq. 6a, was first sug- 
gested the writer on.the basis the USBR tests. Subsequent model tests 
conducted the United States Waterways Experiment Station Vicksburg, 
Miss., and the Bonneville (Ore.) and Los Angeles (Calif.) hydraulic labora- 
tories the Corps Engineers, United States Army, have confirmed satis- 
factory stilling action for 15% reduction tailwater depth. recent plans 
the practice the Corps Engineers has been provide tailwater depth 
equal 0.9 

USBR tests indicated, did the SAF tests, that could reduced 
about 0.75 before the jump would swept out the stilling basin. Thus, 
design tailwater depth equal 0.9 would provide reasonable safety factor 
against excessive negative pressures baffle blocks, against severe wave action 
downstream from the stilling basin, and against the jump sweeping out the 
stilling basin because unanticipated lowering the tailwater. 

for stilling basin freeboard, somewhat too conservative for flood- 
control and multiple-purpose dams. Usually, considered 
confine the maximum splash stilling basins for those dams, because the infre- 
quent occurrence and short duration maximum discharge would not result 
appreciable damage. Freeboard above the maximum tailwater level, equal 
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from 0.25 0.2 usually considered ample protection for the stilling 
basin and the adjacent structures. 

Model tests conducted the United States Waterways Experiment Station 
Vicksburg, Miss., for several large stilling basins showed that quadrant wing 
walls (located downstream from the end sill) most effectively reduce scour 
the end the stilling basin side walls. However, quadrant wing walls are 


Values hi, and feet 
(a) DIMENSION CURVES 


Maximum tailwater 
elevation 


(b) PROFILE 


more costly than perpendicular 45° angle wing walls. Thus, quandrant 
wing walls should used only when desirable provide maximum pro- 
tection against scour. 

The model test conducted the author determine the effect air 
entrainment the formation the hydraulic jump and the scour pattern are 
special interest, because these are some the first (if not the first) tests 
this nature. The assumption that would unchanged entrained air 
questioned. Field tests the Bureau Reclamation 1938 the Kittitas 
chute the Yakima project Washington indicated that the measured 
velocity the water-air mixture was substantially less than the computed 
thearetical velocity based Manning’s formula. Field measurements 
wasteway the Rutz Works Austria, which were published Ehren- 
berger 1926 (38) clearly indicated the frictional effect aeration rapid 
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increases depth with sudden increases chute slope. air entrainment 
results added friction loss, then and the entrance large stilling 
basins would somewhat smaller and larger, respectively, than theoretical 
values—thus requiring smaller for the formation the hydraulic jump. 
that case significant savings might affected stilling basin dimensions. 
Mr. Blaisdell presents useful set design rules for the SAF-type stilling 
basin. However, hydraulic design engineers should proceed with caution 
applying these rules other types stilling basins. Many types stilling 
basins have been tested the hydraulic laboratories since 1930, but general 
design equations and charts have not been developed the full satisfaction 
the designer. hoped that interest may stimulated the engineering 


profession the extent that available model test data will more thoroughly 


analyzed and correlated, with view establishing general design equations 
and charts for the important types stilling basins. 


ASCE.—Data are presented, this paper, from 
wide range experiments the SAF (‘‘Saint Anthony Falls’’) type stilling 
basin form very convenient for hydraulic engineers. During the course 
these experiments type energy dissipator was developed for falling water 
that has all the “earmarks” being very economical for the conditions usually 
met the Soil Conservation Service, United States Department Agricul- 
ture—that is, for moderate velocities (say, less than per sec) easily 
eroded materials. The data have been tied with dimensionless parameters 
(which very good idea) but the reader given the impression that the type 
structure covered them economically the best for all conditions. 

The value Mr. Blaisdell’s contribution would have been greatly improved 
one more experimental ratio actual velocities the 
preferred relative location floor blocks those the section d,. That ratio 
may set limitations the use the SAF design certain locations, the 
limits being governed erosion cavitation the floor blocks. The SAF 
design places these blocks relatively close the beginning the jump areas 
where the velocities some cases are still very high (say, per sec) although 
the Froude number would well within the limits specified the paper. 
Some designers, including the writer, have been confronted with situations 
where factors the Froude number were the order 125 per sec 
and which case the Froude number would 172+. The prototype 
velocities the blocks for SAF design would certainly exceed per sec. 
structure operating only few hours per year this condition should not 
serious, but there are cases where such operation might expected for 
several hundred hours per year and quite certain that the blocks would not 
stand under such conditions. Gatun Dam the Panama Canal Zone 
where similar floor blocks were placed with respect the beginning the jump, 
much proposed the SAF design, many the blocks were destroyed 
within few years. Grand Coulee Dam Washington the upcurved part 
the bucket apparently located about the same relative position with re- 
spect the jump; and, after less than years operation, this part the 
structure required redesign when was reconstructed because the 
erosive action. 


Pittsburgh, Pa. 
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The writer became interested the subject erosion the toe high 
overfall dams early 1913 and the fall that year began long series 
tests models proposed dam the Little Tennessee River near the mouth 
the Cheoah River North Carolina. This dam was nearly 200 
high and was provide for possible maximum floods 160,000 per sec 
with net spillway crest length about 600 ft. (The dam was actually com- 
pleted years later.) 

The model tests very soon indicated the great significance the hydraulic 
jump the erosion problem and the fact that the design should fundamentally 
based the performance the jump. part this investigation 
series tests was made using staggered piers with height equal 
the beginning the jump, the theory that these piers would materially 
reduce the pool depth required bring the jump the bucket Al- 
though the tests were rather crude, they indicated clearly that the amount 
energy absorbed impact and turbulence the piers was small, relative 
the absorption inherent the jump, unimportant, and that the piers 
were undesirable view the difficulties Gatun Dam which were then being 
discussed. The tests also indicated that the erosion accompanying the un- 
modified jump would never structurally serious because the highly re- 
sistant character the material which the dam was built and that 
nature would ultimately form adequate cushion pool. 

the time the Cheoah Dam tests were made, the literature the jump 
available the United States was limited few lines the late Mansfield 
Merriman, ASCE (39), based erroneous derivation the formula. 
The derivation William Unwin (40), course, has been known for some 
years, but was not likely noticed engineers. The literature the 
subject now covers thousands pages and the subject apparently has not yet 
been exhausted. Mr. Blaisdell’s paper, for example, may lead modifications 
the jump formula cover the conditions inherent the SAF design. 

(4) and Energy Jacob Warnock, Proceedings 
Hydraulics Conference, Studies Engineering, Bulletin No. 20, Univ. 
Iowa, Iowa City, 1940, 142. (a) 158. 159. 
(15) “The Hydraulic Jump Terms Dynamic Similarity,” 
Bakhmeteff and Matzke, Transactions, ASCE, Vol. 101, 1936, 
630. (a) 676. 643. (c) 660. (d) 643, Fig. 
curve 
(34) “Baffle-Pier Experiments Models Pit River Dams,” Steele 
and Monroe, Transactions, ASCE, Vol. 93, 1929, pp. 
(a) 518. 499. 
(38) “Flow Water Steep Chutes with Special Reference 
1926. 
(39) Hydraulics,” Mansfield Merriman, John Wiley Sons, 
Inc., New York, Y., 1912, 350. 


(40) Encyclopedia Britannica, New York, Y., 11th. Ed., 1910, Vol. XIV, 
pp. 76-77. 
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NEW FORMULAS FOR STRESSES CONCRETE 
PAVEMENTS AIRFIELDS 


Discussion 


ROBERT HORONJEFF 


Rosert Jun. ASCE.—The comments presented the writer 
are not construed criticism the author’s presentation but are offered 
principally illustrate, the practicing engineer, the effect varying the 
modulus subgrade reaction, The paper presented Professor Wester- 
gaard important contribution the science airfield pavement design. 

Normally, the values Poisson’s ratio, and the modulus elasticity, 
are assumed, but the modulus subgrade reaction, measured the 
field the so-called bearing test.” This test normally consists 
loading round 30-in. plate the subgrade with total load equivalent 
per in. (7,070 and recording the deformation inches with this 
load. The load applied almost instantaneously (10 sec) and held until 
practically complete deformation has taken place. The modulus soil reac- 
tion which represents the total movement inches during the 
application the load. 

comparison with other routine tests soils, the field bearing test 
expensive. requires that the load applied hydraulic jack working 

against jacking frame. The jacking frame usually consists two trucks, 
anchored steel frame, any other device, long the reactions are 
least from the bearing plate. The purpose this discussion show 
that refinements measuring the modulus subgrade reaction, are un- 
warranted and that, most cases, can assumed without testing com- 
parison the bearing value the soil question with similar soils which 
have already been tested. 

illustrate this point, two curves are presented. Fig. 1(a) represents 
the maximum tensile stresses obtained substitution Eq. Case 
which the load applied the interior the area the panel consider- 

paper Westergaard was published May, 1947, Proceedings. 


Chf., Civ. Works Branch, Corps Engrs., San Francisco, Calif.; Lecturer Civ. Eng., Univ. 
California, Berkeley, Calif. 
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able distance from any edge joint. The wheel load, used the example 
amounts kips. Poisson’s ratio, was assumed 0.20, and the modulus 
elasticity, for concrete, 4,000,000 per in. The tire imprint area 
was assumed ellipse, the semiaxis, being equal in., and the semi- 
axis, equal example, assume that the allowable stress the 
concrete equal 550 per in., and that the modulus subgrade reaction, 


~ 


Thickness Pavement, Inches 


~ 
o 


0.4 0.6 0.8 1.0 1.2 1.0 1.2 1.6 
Concrete Stress, Kips per In. 


100. From the curves Fig. 1(a); the required thickness concrete 
llin. the value 300, the required thickness other words, 
for relatively large difference the k-value, the required thickness con- 
crete varies only lin. Fig. presents the stresses computed from sub- 
stitution Eq. 13, Case which the load next edge joint that 
has capacity for load transfer. The values and are the same 
Case Fig. Similar comparisons for 100 and 300 reveal, 
again, that large variations not result large variations concrete 
thickness. 

Engineers who deal with airport design are well aware that soil whose 
k-value 100 considered relatively poor subgrade, whereas soil with 
k-value 300 considered good subgrade. other words, the k-values 
presented Fig. represent range subgrades from poor good. The 
k-value for gravel and gravelly soils varies from 200 500 whereas may 
low for fine-grain soils having high compressibility. Several publica- 
tions are which show the approximate range k-values for 
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groups classified either the Public Roads Administration soils classification 
the Casagrande soils classification.” 

This discussion and examination Fig. reveal that the establishment 
the k-value the nearest units sufficiently accurate for most design 
problems, and that the project costs would not adversely affected. Another 
conclusion that can reached that, for the average case, the engineer will 
find more economical increase the thickness the pavement, rather than 
improve the k-value the subgrade the addition better quality 
material. 


Pavement Portland Cement Assn., 1946. 
Proceedings, ASCE, June, 1947, 783. 
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INFLUENCE LINES FOR CONTINUOUS 
STRUCTURES GEOMETRICAL 
COMPUTATION 


Discussion 


RALPH SPAULDING 


ASCE.—The fundamental differential equation 


metric plane cross section the beam), does not apply curvalinear angular 
beams. The centroidal axis, bending, curvalinear angular beam 
not the geometric centroid plane cross section the member. The 
formula accurate only for beams (including continuous beams), whose geo- 
metric axis straight line. Its relative inapplicability depends the 


12. 


relative deviation from straight line, which may caused the angularity 
curvature the member under study—whether this deviation caused 
curved knee, angular knee, haunch. 

would seem advisable emphasize the fact that the foregoing basic 
formula not applicable homogeneous rigid frames such shown Figs. 
and 10. Before may used, necessary build the knee 


paper Dean Peterson, Jr., was published September, 1947, Proceedings. 
Cons. Engr., Jacksonville, Fla. 
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each case the point where its stiffness angular beam equal that 
the straight beam adjoining it. 

For example, Fig. represents homogeneous beam ‘having*an un- 
interrupted straight axis and Fig. represents similar beam the same 
length except that has right-angle knee. Equal moments being applied 
the ends both beams, the rotation the beam containing the knee 


will substantially greater than the straight beam; whereas 
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